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Classical Phase Transitions

Magnetization in a 2D square Lattice

Classical Ising model: H, = —-J}, ;6767 : A

M~ |T — T;|” (Magnetization)
§~|T —Te|™" (correlation length)
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What is a Quantum Phase Transition?

@ thermal fluctuations dieoutat T =0
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What is a Quantum Phase Transition?

@ thermal fluctuations die outat T =0
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state 1 state 0

state 0 state 1

de g
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What is a Quantum Phase Transition?

@ thermal fluctuations dieoutat T =0

@ quantum fluctuations due to Heisenbergs uncertainty relation
@ changes in the ground state at T =0

@ level crossing

@ competing terms in the Hamiltonian

H=Hy+ gH; E

state 1

A ~|g—gc[*” (energy gap)

de g
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The Bose-Hubbard Hamiltonian and its Symmetry

The Bose-Hubbard Hamiltonian was first studied by Fisher et.al. in 89

Hg = —w)_(blb; + b b)) Zn, Zﬁ,-(h,
i

(i)
Bosonic creation and annihilation operators bt and b

b'lny = Vn+1|n+1)
bln) = vn|n-1)

Fulfilling  [by, ]] =d; and [b,b]=0
The occupation number operator:  n; = b,Tb,-
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The Bose-Hubbard Hamiltonian and its Symmetry

L U .
HBz—w<ij>(b}bj+b}b,)—u§i:n,-+Ean(nf—1).

hopping term

Eric Fehr (ETHZ) QPT and the BH-Model PROSS 2007 5/14



The Bose-Hubbard Hamiltonian and its Symmetry

o U e
Hg = —w%(b}bﬁr b/ by) —uZn/Jr EZ”/(”/ -1).

-~

onsite repulsion

hopping term

w ® o
[ 7~ o ]U
e & o e o e
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The Bose-Hubbard Hamiltonian and its Symmetry

Hg = —w) (blb;+ b b)) - Zn,+ Zn,

)

/

hopp% term offset onsite repulsion
Ve
w ) [ )
] 7o o u
o L o @ o o
L 1 L L 1 L
L L] L] L] L] L]
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The Bose-Hubbard Hamiltonian and its Symmetry

Hg = —w) (blb;+ b b)) - Zn,+ Zn,

)

hopp% term offset onsite repulsion
Ve
w ) [ )
] 7o o u
o L o @ o o
L 1 L L 1 L
L L] L] L] L] L]

Hg is invariant under a global U(1)=0(2) phase transformation under
which b,' — b,-e“’.
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The Bose-Hubbard Hamiltonian and its Symmetry

Hg = —w»_(blb; + bfby) - Zn,+ Zn,

)

hOpp% term offset onsite repulsion
v
w ) ®
o 7~ ® v
[ ] ® o) L o) L
—————————

T

Hg is invariant under a global U(1)=0(2) phase transformation under
which b,' — b,-e“’.

We do have conservation of the total number of bosons as N, = > Ppi
commutes with Hp.
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Competing Terms

— 0: Ho=)_ %ﬁ;(ﬁ; —1) its ground state would be |np)
i
1 - 1 .
by = —SN be? p——"N p, e
o = T2 = T
(bgbq> = ,;I_/, <Z b;Fbj ez'Q(’j—fi)> — [;I_/]Z <b,Tbj> et a(ri=n)
= I:_/I Z §ne'ai=m = p
p

U
Iy

= Featureless!

Eric Fehr (ETHZ) QPT and the BH-Model PROSS 2007 6/14



Competing Terms

— 00 : Hh:—WZb;[bj—i-b}b,-
)
1 : 1 ;
by = — ) bedi bj=——) bgei
q WZ ! / m; q
Ho = -2 > (bhbie! @9 +he.)

M <
(i.f),q,k

= —% iqzka (bgbk gl ilk=a)+ak) h.c.)

= —w ) fgdgk (eiak L e‘ia"> = —w) fgcos(q)
q,k,a q

cl=

Ground state isat g = 0 = <b2,bq> = dg,0 = only one momentum
contributes!
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Competing Terms

w u, . ,
g — 0 Ho= ZI: 5 hi(Ai — 1) its ground state would be |np)
(bgbq) = n = Particles well localized in space!
= Mott insulating state
w . Hy= bib; + blb;
)
(bgbq) = Jdg0 = Particles spread out over the hole system!

= Superfluid state
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Mean-Field Hamiltonian

We choose a mean-field Hamiltonian with the same on-site terms as
Hg and add an additional term with a "field” W to represent the
influence of the neighboring sites.

., U, . . p A
Hue = — b + 5 (P — 1) —Wh; — Wb
- 2 —

! breaks U(1) symm.

Vg =0 — symmetric phase = |Vp|? acts as order parameter

Mean-Field ground state:  [¢Yye) = |Mo)1 @ -+ @ |Mo)m
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Expectation value of Hg in the Mean-Field

Hg = —w (bibj+blby) uZn,Jr Zn, hi—1)

(i:f)

U, "

Hur = Y —ph + 5 i = 1) —Wgh — Wgh|
7 ——

! breaks U(1) symm.

Expectation value of Hg in the Mean-Field ground state:

Eo = (Vwr|(Hur + (He — Hur)) VY uF)

= Evr(Vg) — Z Mw(b")(b) + Wi (b) + Wa(bT)
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Symmetry Breaking and the Landau Argument

Expectation value of Hg in the Mean-Field ground state:

Eo = Enr(Vg) — ZMw(b')(b) + Wb} + Vs (bl)

. Symmetry Breaking
Landau argument:

Eo = Eoo + r |Wg[2 + s|Wg|* + O(|W5[®) ..

o ooz
w

o o2
Ws
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Deriving the Phase Diagram

Using second order perturbation theory to calculate Eyr and hence Eg

2= Yno(ng — 1) — uno — xo(1 — Zwxo)| Va2

therefore

1
r=xo(1—2wxo) where xo= &= + Uy

For r = 0 we get the phase boundary

Ty — (no—15) (G —no+1)
— no(no—5)+H(mo+1)(G—no+1) -
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Phase Diagram for the BHM
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Monte Carlo Simulations of the BHM

Figures taken from G.G. Batrouni Phys. Rev. Lett. Vol 65 Number 14
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Ultracold bosonic gas in an optical lattice potential

The Hamiltonian for an ultracold bosonic gas in an optical lattice poten-
tial:

/d3X¢T (__ V2 +V(X) + Vr(x )) »(x)

+; 4nash” / d®x T ()T (%) (x) b (X)
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Ultracold bosonic gas in an optical lattice potential

The Hamiltonian for an ultracold bosonic gas in an optical lattice poten-
tial:

= [ Pxvt ) (s TRV + Vo)) v
1 4nagh?
by oot [ ol ()l ()0 ()00
Bloch wavefunctions expanded as wannierfunctions :

= bw(x—X;)

Keeping only lowest vibrational states this leads us to :

Hg = —Wijbj—,uJZﬁ,-—i— %szh‘(ﬁ/ —
(1.4 i i
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Coherence Measurement

Figures taken from Greiner et.al. Nature Vol 415 3 January 2002
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