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Exact Diagonalization

Sebastian Walter
Supervisor: Helm ut Katzgrab er

Exact diagonalization (ED) is a technique to calculatethe eigen-
valuesand eigervectors of a matrix H. In physics, suc an ED
problem ariseswhen the time-independert SchrAdinger equation
is to be solved in a nite-dimensional basis. With the knowledge
of the physical setup, symmetries can be exploited to simplify
computations. The goalof ED in physicsis usually the computa-
tion of an obsenable's expectation value. The generalprocedure
of the ED is introduced and illustrated by the example of the
spin-3 Heiserberg model.

1 Intro duction

Exact diagonalization (ED) is a numerical technigque to solve an eigervalue prob-
lem Ax = x, where A is a matrix and x an eigervector of A with the corre-
sponding eigervalue , . In physics,sud diagonalization problemsarisewhen the
time-independert Scrédinger equation is to be solved in a "nite dimensional
Hilb ertspace:

HO, = E.©,; 1)
whereH is the time-independent Hamiltonian and ©, (resp. E,) an eigervector

(eigervalue) of H. In a basisfj 2 ;igl\; of the Hilbertspace,the Hamiltonian can
be written in matrix-form

0 1
Hi i Hin
(Hj) = %D P X ;
Hn1 0 Hyn
wherethe matrix ertries are given by H; = I ;jHj2 ji. Typical systemswhere

sudh diagonalization problems arise are quantum lattice models. SeeSection 3
or 4 for an example.
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Sincethe Hamiltonian H; must be Hermitian, diagonalizationalgorithms for
Hermitian matrices can be used. For quarntum lattice problems, the Hamilton
matrix is often even symmetric. Additionally, the Hamilton matrix H; for a
many-body systemis usually sparse,i.e., only O(N) coezcients are nonzerofor
H 2 GL(N £ N). This allows the storageof large matricesin memory. Sincethe
algorithm must not destroy the sparsenessf the matrix, oneis restricted to cer-
tain algorithms. A typical algorithm that respectsthe sparsenesgroperty is the
Lanczosalgorithm, which is introducedin Section2, SubsectionDiagonalization
algorithms.

Before the explicit diagonalization of the Hamiltonian, in most casessome
e®ortis madeto reducethe dimensionsof the matrix to be diagonalizedwith the
help of symmetries. This is necessarybecauseeven small physical systemscan
lead to large matrices. In an orderedsymmetrizedbasis,the Hamiltonmatrix Hj
is decompsedinto block-diagonal form, wherethe blocks H(); 0. t . | often
have a dimensionthat is 100to 1000times smallerthan the initial matrix, that
is, H{") 2 GL(s&5 £ 1N5;C). * is the index of the irreducible represetation.
The procedureis introducedand motivated in Section2, SubsectionSymmetries.

Normally, the goal of ED is to calculate the expectation value hAi of an
obsenable A. Sincewith ED the energyspectrum can be computed, almost any
expectation value of any obsenable canbe calculated. Sometimesonly the lower
eigervaluesare neededfor the computation of an obsenable's expectation value.
This can be performed e®ectiely with the Lanczosalgorithm. The calculation
of expectation valuesis topic of Section2, SubsectionObsenables.

To summarize A typical ED of an Hamiltonian H consistsof the following
steps:

1. Choosea good initial basis.

2. If possible nd a better basiswith the help of symmetries.

3. Numerical (or virtual) * represemation of the Hamiltonian.

4. Using a diagonalizationalgorithm to nd the eigervaluesand eigervectors.
5

. Calculation of the obsenable's expectation value.

The exponential barrier in ED simulations Above, we claimed that the
matrices can be large. To seewhat large means,the spin-% Heiserberg model
with n £ n sitesshall serne us asan example.

1A virtual represernation means,that the matrix elemeris are not calculated and saved in
memory. Instead, the Hamiltonian is represerted by an implemented function in the code.
When a certain Hj; is required it is calculated on the °y. This approad is usedwhen memory
is an issue.
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Figure 1: A graph of a 2-dim spin-% Heiseerg model with 10? vertices, where
only next neighbor (NN) couplingsare allowed and the couplingsare equalfor all
bonds. In the graph this is expressedy the black linesthat connectthe vertices.
On ead vertex sits a spin that can point in any direction.

If a quartization axis is chosen,a basisstate is given as a tensorial product
ofthe formjai = j"i - j#i- ¢¢¢ j#i. Sinceall statesarewell de ned, i.e, they
must build an orthonormal basis of the Hilbertspace,this resultsin 2"£" basis
states, that meanseven a small systemof 10£ 10 sites (Figure 1) leadsto 21
basis states, which results appraximately in 10?®> GByte to store just one state,
which is even beyond the scope of todays supercomputers.

Although the computing power increaseswith Moore's law, i.e., about every
18 months the processingpower and storage capabilities double, this results in
only one more vertex that can be additionally simulated with ED. The fact that
one more vertex to be simulated resultsin a way larger systemto solwe is called
exponertial barrier. This issuecan be seenin Figure 2.

Exact Diagonalization vs other metho ds Although restricted to rather
\small" systems,ED is used anyway. A reasonwhy it is usedis its versatil-
ity: Almost any system can be solved and almost any expectation value of an
obsenable can be calculated. In particular, also modelsthat are not accessible
by other methods, sud asthe frustrated Heiserberg magnets. Additionally, ED
is an \un biased" method, i.e., results are known to be correct within numerical
errors.

The disadvantage of ED is the necessaryestriction to small systems.Because
of the restriction to small systems,new methods to solve eigervalue problemsor
computations of obsenablesare in focus of researt. It is not always easyto
determine if a new method gives the correct answers. Therefore, ED is often
usedas bendimark for new methods: Both, the new method and ED, are used
to solve a small system. If the results agree,it is assumedthat the new method
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Figure 2: The memory footprint grows exponertially with the vertex-number N.
The name exponertial barrier stemsfrom the fact that being at the limit of a
computer, any additionally vertex results in a memory footprint exceedingthe
given resourcedy far.

will alsogive good results for large systemsthat are not accessibleby ED.

2 Concepts of the practical diagonalization pro cedure

This sectionmotivatesthe stepsthat have to be taken for an excient calculation
of an obsenable's expectation value. It is assumedthat an initial orthonormal
basisf Agl, ischosen,andthat the Hamiltonian in that basisis savedin memory:

0 1
Hll o HlN

(Hij)ij= = %D :
H

K

N1 .- HNN

Symmetries

The idea behind the use of symmetriesin ED is to nd a basisin which the
Hamiltonian is in block diagonalform:

OiH(1)¢ 0 ::: 0 1
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Figure 3: A 2-dimensionalBravais-Lattice where the basis of the lattice has a
complexstructure. Symmetriesthat canbe seenare the translations and certain
point-group symmetries.

whereH() (1 = 1;:::;1) are block matrices. H) belongsto the (*)'th irre-
duciblerepresemation. A symmetry of the Hamiltonian is expressedy [D(g);H] =
0, i.e., the Scrddinger equationis form invariant under symmetry operations:

HA = EA

A 7 D(9)A
) HD(9)A = EiD(g)A = D(9)EiA = D(g)HA
, [H;D(g)] = 0;

whereD (g) is the represemation of the symmetry elemen g 2 G.

If two operatorscommute, they sharethe samesetof eigenspacesThis canbe
exploited by nding an orderedbasisof the irreducible represemations.? In that
basis,the Hamiltonian is block diagonaland ead block hasthe dimensiona®) ¢
dim[j @)]. i @) is the (* )'th irreducible represemation and a*) is its multiplicit y
in the given (reducible) represemation D(G). The obtained block matrices are
much smallerthan the Hamilton matrix and hencethey canbe diagonalizedmuch
faster.

A possibleprocedureto nd an orderedbasisof the irreducible represemations
consistsof the following steps:

1. QOutreduction of the reducible represemation D(G) into irreducible repre-
serations j *)(G).

2The expressioniirreducible represenation” is usedherefor the represenation of the group
and for its assignedinvariant subspace.
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whereA (g) arethe charactersof the reduciblerepresetation D (G), A®) the
charactersof the 1 -th irreducible represemtation. The number of elemerts
in the group G is denotedjGj. a) indicates how mary times the * -th
irreducible represetation is cortained in D (G).

2. Finding a®*) ¢dim[j ¢)] linearly independert symmetrized states with the
Wigner formula:

N (1 1 X ~(1
A = nO(v)  [A(QI*(D(g) : V) ; ®3)
9

wherev is a randomly chosenvector and n®*)(v) is a normalization factor.

could be the permutation of the coordinates ;.

3. Since the symmetrized vectors AC) are not necessarilyorthogonal if the
vectorv israndomly choseni,it is necessaryo orthonormalizethem. Denote
that orthonormal basisf2 'gl, .2

4. Calculation of the Hamiltonian in the gainedorthonormal basis:
Hij = ¢ injaji_

Sincethe orthonormalization is computationally expensiwe, this procedureis
not applied in practice, but a similar approad is made where at rst repre-
sertants jri of all basis vectors are registeredin memory, A represetant jri
is a basis vecgor that de nes an orbit ofjri) := fD(g) : jri;g 2 Gg. Since
AC) = nG(v) [A®)(g)]*(D(g) : V) is the relation to gain a symmetrizedbasis
vector, the symmetrized basisvector j2 ;i is unambiguously de ned by a repre-
sertant jri. For certain symmetries, the jA;i are orthogonal, and one retrieves
enoughsymmetrizedbasisstateswith only cycling over all orbits. The represen-
tants can be saved exciently in memory It turns out that the Hamiltonian in
an orthonormal basiscan be calculatedwith only the represemants registeredin
memory [1].

Building bigger symmetry-groups  Typical symmetriesof quantum lattice
systemsare the space-groupsymmetry and consenration symmetries,as for ex-
ample the consenation of chargeor the consenation of total spinin z-direction.

3For certain symmetries and their represenations, the symmetrized vectors are orthogonal
if the initial vector v is a basisvector.
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They have to be combined in a bigger symmetry to obtain block matrices H *)
that are assmall as possible.

If the represemations of two symmetriescomrute, the biggersymmetry group
is their direct product, and the charactersof the bigger symmetry's irreducible
represemations are given by the multiplication of the initial characters: A®") =
AC)AC)

If the represemations do not comnute, it is possiblethat onesymmetry block
diagonalizesthe Hamiltonian and the other symmetry destroys the blocks again.
Therefore, for given symmetry groups G and F, it is necessaryto restrict to a
subgroupF ) of F sud that [D(g);D(f *))] = Owith f*) 2 F(), E.g., for the
spacegroup symmetry (Figure 3) the translation group TG would be G and F*)
a subgroup of the point group PG. Since TG is Abelian, its irreducible repre-
sernations are one-dimensionaland can be indexed with K, with K a reciprocal
lattice vector. For di®eren K, di®ere subgroupsof F are allowed.

The condition is F® = ffjf (k) = Rg. F® is called the stabilizer or the little
group of kK. The charactersof the spacegroup are then given by AK% = AR AM
where %2is the index of the irreducible represgtations of F®. Thus, a sym-
metrizedbasisstate is givenby AK* = n&*(y) (ARA (t; hRY)*(D (DD (f ®)) :
V).

For further referenceseeRef. [2].

tf K2FK

Example: E®ectivit y of symmetries To seethe advantagesof symmetries,
we study the 6 £ 6 square lattice Heiserberg spin-; system (Figure 4). The

oo::oo .:ﬂ
be o o%e o of

Figure 4. A graph characterizing the possiblespace-groupsymmetries: The 4-
fold rotation symmetry is denotedby © in the graph. Additionally, there is a
T3 Spatial symmetry. The boundary conditions are denotedby the arrows at the
edge. The edgesare glued together in sud a way that the arrows on the edge
match. The topology usedhereis of a °at torus. A dot is a basiscell of this
Bravais-like lattice. The inner structure of sud a basisis herea spin-% and has
to be consideredwhen a symmetry group is sough.

Hamiltonian is given by N

H = jJ SS : 4)
hijj i
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It hasthe symmetries SU(2), spin consenation ([St((ft); H] = 0) and the space
group symmetry TG £ PG, which is the semi-direct product of the TG Tasg
and the PG C,4. Since using the complete SU(2) symmetry turns out to be
computational expensiwe, only a subgroupof it is considered:The spin-inversion.
Furthermore, the ground state is known to lie in St((ft) = 0. If the ground state
energyis wanted, one needsonly to considerthe subspacewith total St(ozt) = 0.
Hence,with the application of symmetriesthe size of the block matricesH () to
be diagonalizedto gain the ground state energyare approximately given by the
following reduction:

1. Full Hilbertspace: Dim = 236 %,70¢10°

2. Symmetry Sz = 0: Dim = 38 14.9¢10°

3. Symmetry spin-inversion: Dim =  ¢:3°

4. Space-groupsymmetry TG£, PG : Dim % 1 ¢ ¢35 1430¢1C°

36¢ T 18!18!

Thus, it is only necessaryto diagonalizematrices, whosedimensionsare approx-
imately 2500 times smaller than the initial Hamilton matrix. The factor ﬁ
comesfrom the fact that 36 translations and up to 4 rotations are possible.

Diagonalization algorithms

After any possibility is taken to simplify the diagonalization with the help of
symmetries,the solution of the SdrAdingerequationis a simple matrix eigervalue
problem. For a given matrix and given task, one hasto choosean appropriate
algorithm. For example, if the matrix to be diagonalizedis denseand a full
diagonalization is wanted, algorithms as the Jacobi algorithm can be used(see
Refs. [3] and [4].

Here, we will focus on large sparsematrices, as they occur in most physical
simulations with emphasison the calculation of the extreme eigervalues. An
algorithm that works exceptionally well for that kind of problem is the Lanczos
algorithm. For further diagonalizationalgorithms seeRef. [5] or [3].

Lanczos algorithm  The Lanczosalgorithm is a tridiagonalization algorithm
[5, 6]. It has beenintroduced in 1950, but at rst, it was not payed much
attention: Other tridiagonalization algorithms, as for examplethe Householder
tridiagonalization algorithm [5], are numerically stabler. But in cortrast to most
algorithms, the Lanczosalgorithm works well on large sparsematrices. The
reasonfor that is the fact that other algorithms normally iterate the matrix
H; and thus tend to destroy its sparsenesswhile the Lanczosalgorithm does
not iterate H; but builds a so-calledT-matrix in its iterations. The T-matrix
is tridiagonal and of much smaller dimensionthan Hj . It can be diagonalized
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exciently with another algorithm, for example with the Divide and Conquer
algorithm [5]. The gainedeigervaluesof that diagonalizationare appraximations
to the eigervaluesof H;; . At ead step of the Lanczosalgorithm, T grows by one
row and one column. If T is diagonalizedat ead step of the iteration one can
seethe eigervaluescorverge (Figure 5).

The Lanczosalgorithm's popularity comesfrom the fact that for the cal-
culation of the ground state energy only few iterations are needed. The full
tridiagonalization takesO(n) stepsfor a sparsematrix.

Unfortunately, there are alsoa few drawbads: The Lanczosalgorithm is not
especially e®ectie to calculate eigervaluesnear the middle of the spectrum and
the (unmodi ed) algorithm is not stable due to roundo®errors. Both issuescan
be seenin Figure 5 and Figure 6. For referenceon the treatment of the numerical
instabilities seeRef. [5] and [6].

E 1725
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1775 L L
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Figure 5: The lowesteigervaluesconvergemuch fasterthan the other eigervalues.
For example, the ground state corvergeswithin 120 stepswith a small relative
error. The larger eigervaluesdo not corvergeas fast, and they sometimesseem
to convergeto a value which is not the true eigervalue. It is necessaryto make
a few more iterations to make surethat the right eigervalue is calculated. The
graph hasbeenadapted from Ref. [1].

The idea behind the LanczosAlgorithm is to build a special orthonormal
tridiagonal form which is called T-matrix, i.e., T = O"H O, wherethe columnsof

O are the LanczosvectorsjU;i gainedin the iteration. V is a random vector of
the phasespaceand is capital to expressthat it is normalized. The eigervalues
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Figure 6: In the Lanczositerations only three vectorsare saved in memory. This
usually results in a loss of orthogonality after a few iterations due to roundo®
errors. The lossof orthogonality results in fake (or ghost) eigervaluesthat con-
vergeto an already existing eigervalue and increaseits multiplicit y [1]. There
are heuristic techniquesto decideif an eigervalue is a ghost [6].

of the T-Matrix corvergeto the eigervaluesof the Hamiltonian.

1. Starting conditions:

jUsi == jVi with V random starting vector
KjUiik = 1; jUgi = 0; hy=1; ; k=0

2. lteration,
while(b, 6 0)

building the T-matrix

JUks1l = jrid=hck = k+ 18 = U jH Ui
jrid = HjUkd i aejUki i b 1JUkg ad;

b = Kjriik 2
end

The gainedcoezcients &, b are usedto build the T-matrix

I

1

b a

o) a3
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which is not only tridiagonal but alsoof much smallerdimensionthan the Hamil-
tonian, i.e., m ¢ N. Therefore,it can be diagonalizedeasily with an algorithm,
sud asthe QR-algorithm or the Divide and Conquermethod [5].

Figure 7: A spy picture of a sparsematrix asthey occurin scieri ¢ simulations.
A spy picture prints a blue dot for every matrix-entry that is nonzero. For this
matrix with approximately 1300£ 1300= 1690000ertries only nz = 91465are
nonzero. The matrix has been downloaded from University of Florida Sparse
Matrix Collection http://www.cise.u°.edu/r esarch/sparse/matrices/ and plot-
ted with Matlab.

With the diagonalization of the T-matrix, we obtain an approximate set of
eigervaluesand eigervectorsTA; = E;A.. The A aregivenin the basisfU;g_; .
Sincethe eige[vectors of H are wanted in the basisf? ,-gj'\‘:1 it is necessaryto
transform the A .

e (O] T
W, Fo_,{z;,o,...,O)
i times
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whereO is a matrix with columnsjU;i. That meansif A = i ::1 a;W, eigervector
of TinthebasisfUg., ) ®= \_, & U in the basisf 2 | gL, . Forlargesystems
it is not possibleto store the matrix O in memory, becauset is not sparse.To
compute a certain eigervector, the Lanczosalgorithm is restarted with the same
starting vector V and the state ® is successiely built with the known coezxcients
a.

As claimed above, the Lanczosalgorithm usually results in a good approxi-
mation of the extremal spectrum, which is an unexpectedresult [5]. Usually, the
Krylov-spaceis only a subspaceto the phasespace. In the construction of an
orthonormal basisof the Krylov space,onecould have chosena start vector of the
Krylov-spacesud that for examplethe ground state is not in the Krylov-space.
The usually good corvergence(of the ground state) is explained by round-o®
errors, with the e®ectthat evertually the lower eigenstatesappearin the Krylov-

space.
This can be best seenin the simple exampleof a power method:
_ Au;
u = a(li)e1+ T a(li)en (6)
(1) (1)
a7+ o+ paye,
U+ = ! 1(|) L (7)

k,1ale + i+, pal'k
where g are eigervectors and u; approximations of the biggest eigervector €.
Evenwith an unlucky pick of the starting vector up = Og; + 1+ a”e,, round o®

errorsresult in a small componert of a(l') sud that u; nally corvergesto e;.

Observ ables

In the previous sections, we have motivated the use of symmetriesto nd an
optimal basisof the Hilb ertspaceand have introduceda (tri)diagonalization al-
gorithm. For many physical simulations, it is not the goal to calculate the en-
ergy spectrum but to calculate either a quantum medanical expectation value
or a thermodynamic expectation value. With the knowledge of the eigerval-
ues/eigervectorsit is possibleto calculate almost any expectation value.

From statistical medanicswe know, that in thermodynamic equilibrium the
probability to nd a state with the energyE is givenlpy the Boltzmann distri-
bution P = 1=Z ¢e E, where™ = 1=k T and Z := e Er is the partition
function.

The thermodynamic expectation value of an obsenable A in thermodynamic
equilibrium is given by

n

. A,e En
M = P (8)
el En

n
An = DPALJAJAL; 9)
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whereA, is the normalizedeigervectorto the energyE,, and A, the correspnding
quantum medanical expectation value.

Usually, it suxcesto calculate the lower part of the spectrum for a good
appraximation of the expectation value. This comesfrom the fact that the lower
eigervaluesweigh more than the high eigervaluesin the Boltzmann distribution.
The bigger the di®erencebetweenthe eigervalues, the better the corvergence.
For higher temperatures the gap between weights belonging to an eigervalue
decreasesnd the calculation of more eigervaluesis necessaryfor the calculation
of the expectation value for a given maximal error which results in the needfor
a full diagonalizationat high temperatures.

3 A simple example

13 14 15 16

ig:lo 11 12
sn/e /’7 8

Figure 8: A graph of a 2-dim squarelattice Heisererg model, where only next
neighbor (NN) couplings are allowed and the coupling strength is equal for all
bondsgivenby J .

This sectionconsistsof two parts: At rst the Heiserbergmodelis introduced
and it is shavn, how a good initial basiscan be obtained. Then it is shovn in
the example of the one-dimensionalnon-periodic spin-1 Heiserberg model with
three spinshow symmetriescan be usedand how a thermodynamic expectation
value can be calculated.

Heisenberg model

This model includesonly spin-spininteraction, i.e, there is no electronmovemen
or Coulomb repulsion. The spins sit on vertices that are xed in spaceand
interact via coupling constarts J; . The J; are alsocalled bonds.
The Hamiltonian is given by
X X
H = j Jij SiSj + h BS (10)
hijj i [
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P . :
where ;;; denotesthe sumover next neigrbors, B denotesan externalmagnetic

“eld (kBk = 1), h the coupling strength of the external magnetic eld with the
spinsand J; SiSj := J{VSMsX + VsV 4 5B g,

Finding a good basis TosolveH? = E? it isnecessaryo nd agood basis.
Due to special commutation relations

h i
£
s®;s° = j~2.4S $2s® = 0

it is possibleto de ne the following ladder operators:
Si(+) = Si(X) + iSi(y) Si(i ) = Si(X) I iSi(y) :
where S = 1[s® + si)1and s¥ = 1[s™ i S]. Furthermore, it can be

shawn that the basisof the Hilb ertspacecan be written asjj;mi, wherej is the
total spin and m its projection on the z-axis. For a spin 1=2-systemthe basis

consistsof statesof the form j "i - ¢¢¢- | #i. The following expressionsold:
Y

S®jj;mi =~ j2i m2+j " mjj;m§ 1i
s@jj;mi = ~mijj;mi

h N

SI(+) ;Sj(l ) - ZSi(Z)i”

h [

5?5 = 5P

SI(Z); Sj(l ) - I Si(l )i“'

Thus, the Hamiltonian can be rewritten in terms of Si(+) ;Si(i )'in the basisjj; mi.
For a special caseof the Heiserberg model, the so-calledisotropic Heiserberg
model with only next neighbor coupling, the above relationsresult in the following
Hamiltonian:

X 1 . .
H = J [Si(Z)Sj(Z) + é(Si(*') Sj(l ) 4 Si(l )Sj(+) NE
hiij i
wherethe original Hamiltonian was given by

X h i
H = J Si(Z)Sj(Z) + Si(x)sj(x) + Si(y)sj()/) :
hij i
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S

w

Figure 9: A spin-% Heiserberg chain with three particles.

Magnetization of the three spin-% isotropic Heisenberg model

Now that we have introducedthe ED procedureand found a good initial basis
for the Heisermerg-madel, we shall have a look at a simple example: The non-
periodic anisotropic Heiserberg chain with three vertices, as it can be seenin
Figure 9. The Hamiltonian is given by

H = H;Q + Hl
1 o N o
Ho = 3 878+ 5(s{” 870+ s{'s))
1 i i +
+8,987 + 5(8 80 + 57y
Hi = i h(sy”+ 87+ 5);
whereH; is a small perturbation of the system. In the following we setJ = j 2

for simplicity.
The initial basis For sut simple problemsit is sometimeseasyto nd a basis,
sud that the Hamiltonian is in block-diagonal form. For our examplewe choose
a bad basison purposeto illustrate the usageof symmetries.

jL o= )" j3i =) #H j5i = | #'# j7 =

j2i =g J4i = | HiH j6i = | "H##H j8i = #™M

The Hamilton matrix In the given basisthe unperturbed Hamiltonian is

given by

0 1

0O 0 0 0O 0 O j1 O

0 j1 0 0 0 0O O O

0O 0 0 O j1 0 0 O

Ho = 0O 0 0 j1 0 O 0 O

o - 0 0 j1 0 1 ;1 0 O

0O 0 0 O j1 0 0 O

i1 0 0 0 0 O 1 ;1

0O 0 0 0O 0O O j1 O
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Symmetries  For our example we use two symmetries: The 2-fold rotation
around the certer site, denotedby G. Its character table can be seenin Table 3.
And the spin-°ip symmetry, denotedby F. That is,j "i 7! j #i. Its character
table is givenin Table 3.

Cu |E %
A1 1
A1 -1

Table 1. Character table of the C;, symmetry, which is the spin-°ip symmetry
in our example.

Table 2: Charactertable of the C, symmetry. This symmetry group rotates our
systemof three spins. Character tables of commonsymmetriescan be found in
textb ooks about group theory, for exampleRef. [2].

Without the identity operation, both groups have just one elemen: f 2 F
and g 2 G. In our given basis, the two represemations of the symmetriesare
given by

0 1 0 1

D(g) = D(f) =

OOPFrPLPOO0OO0OO0OO0o
OO O0OOkroOoOoOo

cNoNeoloNolNolNo)
cNoNoNoNoNol el
ol NeloNelNoNelNe
cNeoNeoNoNolNolNoll
OO0OOPFrOOoOOoOoOo
cNeoNoNoNol el
cNeoNoNoNol el
OO O0OO0OkroOoOoOo
eNeolololNolNolNol
cNeoNoloNolNol e

P OOOOO0OOo

cNoNeoloNolNolNe)
cNoNeoll NeloNelNel
oNeh o lNeloNelNe

1 01

One can ched that the two groupsG and H are symmetriesof the Hamiltonian
by verifying [H; D (g)] = [H; D(f)] = 0. Fortunately, both symmetriescommnute,
i.e.,, [D(f);D(g)] = 0, soit is possibleto build a bigger symmetry group G £ F.
The commnutation means,that it is allowed to take the direct product of the
groups, and thus the characters of the G £ F's irreducible represemativ es are
given by

/\(1'0

°) = AOAC) .
Acer = Ag AT

whereAg) are the charactersof the symmetry group G's irreducible represeta-
tions. The represemations of the groupGE f aregivenby fD (id); D(g); D(f ); D(gf )g.
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It now possibleto compute the symmetrized basisvectors. In the step-hy-step
proceduregiven above:

1. Computation how many times the irreducible represemations are cortained
in the given reducible represetation.

a*)

ay
a(2;1)
a2

a2

1

h I
AC) AC°) A A
GET ADmMAD () AD(M)AD ()

m2G;n2H

1
Z(1¢8+ 0¢l+0¢1l+ 1¢4)=3

1
~(1¢8; 0¢1+ 0¢1lj 1¢4)=1
4
1
~(1¢8+ 0¢1j 0¢1j 1¢4)=1
4

%(1¢8i 0¢lj O¢1+1¢4)=3

2. Finding symmetrizedbasisvectorsji9:

A&l;l)
Aél;l)
Aél;l)
Af 2)
A£2;1)
A§2 :2)
Agz 2)

AgZ 12)

i
2i
i5i
i
i
i
2i

i5i

+j6i +j3i +j8i ) j14 = j2 Vi = pl—z(jli +j6i + j3i + j8i)
+j4i +jdi +j2i) j4 = jr 8= pl—é(jZi +j40)
+7i + 7+ j5i ) j34 = jr i = pl—é(jSi +70)
+6i i j3ii j8i) j49:=j2 = pl—z(jli +i6i | j3ii j8i)
i j6i +j3ij jsi) j5d =2 = pl—z(jli i 6 +j3ii j8)
i j6i i j3i+jsi) jed:=ja?i= pl—z(jli i j6i i j3i+8i)
P i jai+ 2 j7% =2 8P = pl—é(jZi i j4i)

T T eis ) 8= EP = e )

Here we have usedonly basisvectorsfor v. In the progresssomebasisvec-
tors result the samesymmetrizedbasisvector. Thesevectorsare discarded.

3. For this special case,where basisvectors have beenchosenas starting vec-
tors for the symmetrization, this basisis already orthonormal and thus does
not have to be orthonormalized.
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4. In the new basisthe Hamiltonian is then given by

00 _1
0 0 ip2

1
@ 8_ i1 0 A
i 2 0 0 u q

H0:

oNe
o o

and is in block-diagonal form.

Diagonalization For bigger matrices onewould have to uselLanczosto calcu-
late the necessaryeigervaluesand eigervectors. In this casehoweer, we can use
a simpledirect algorithm, sud asit is implemerted in Matlab. The diagonaliza-
tion resultsin E; = j 1,E, = 0and E3 = 2, whereE; is degeneratedour times,
and E3 is degeneratedwice. The eigervectorsare given by the following matrix,
wherethe eigervectorsare the columns,given in the initial basisfjiig:

0 1
ia a 0 0 ¢ ¢ d jd
O 0 b b 0 O O 0
iajalO O c¢c jc jd jd
o = O O bjb 0 0 O 0
iajalOO0 0 O0 2 2«
iajalO 0 jc c¢c jd jd
ia a 0 0 O O j2d d
ia a 0 0 jcijc d jd

with a= j 0:4082,b= j 0:7071,c= j 0:500,d = j 0:2887. It can be seenthat
this results already in a matrix with (2%)? = 64 ertries. Thus, for systemswith
more spins, it is not possibleto store all those eigervectors.

Calculating an observable's expectation value With the calculatedeigen-
values and eigervectors, it is now possibleto compute the thermodynamic ex-
pectation value of an obsenable PAi in thermodynamic %quilibrium. A typical
thermodynamic obsenable is the magnetization M := iSi(z). Without the
perturbation term H,, the magnetizationis zerofor all temperaturesT.

To seea typical graph of the magnetization, it is necessaryto turn on the
perturbation H,, which breaksthe symmetrieswe have used,i.e., the Hamiltonian
H = Hg+ Hy will not bein block-diagonalform in our previously usedbasis. For
the computation of the obsenable we usethe following basisinstead:
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jL =g J3i = j5i = ] " J7 = ] #
j2i =] " jA4 =AM j6 = | #'#i j8i = ] ##

In this basisthe Hamiltonian is given by
0

i 1i gh 0 0 0 0 0 0 0
0 izh 1 0O O 0 0 0
0 i1l 1 %h il O 0 0 0
B 0 0 i1 i%h 0 0 0 0
H=Ho+ Hy = o o 0o 0 th i1 0 0
0 0 0 0O 1 1+ %h i1 0
0 0 0 0 0 i 1 %h 0
0 0 0 0 0 0 0 .1+gh
and the magnetization operator in that basisis given by
0, 1
5000 0 O O O
0 % OO0 0O O O o
00 % O 0 0O O o
e 0O001 o o o0 o
. = = 2
Mi = RIMIT=E 0600062 0 0 o
0O 00O O i% 0O O
0O0O0OO0O O O i% 0
0O 0OO0OO O O O i%

The result can be seenin Figure 10. The behavior is paramagnetic and
agreeswith the prediction that in onedimensionthere cannotbe any spontaneous
magnetization.

4 Applications of Exact Diagonalization

In the previous sectionswe have introducedthe tools usedin ED, alongwith a
simple example. This sectionpresens two applications of ED. The examplesare
adaptedfrom the Refs. [7] and [8].

Phase diagram of the 1D tj J model

The t i J model is a simple model that descrikes highly correlated electrons.
Electronscanhop from site to site, but, unlikethe Hubbard model, the tj J model
doesnot allow double occupancyof sites, evenif the electronshave opposite spin.
In Figure 11 an illustration of the 1D t j J model is depicted. In the following
discussionN, is the number of sites, N the number of electronsin the system
and n := N=N, the electron density.
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16
<M>

25 30

Figure 10: The Magnetization in z-direction of the 3-vertex Heiserberg chain
plotted with di®eren external eld strengths,in dependenceof the temperature
T. With decreasingperturbation a strong magnetizationis only seennearT = 0.

The Hamiltonian is given by
X h X 1
H = it P@uGut Gyen)P + I(SS i Znin) 5 (A1)

hisj i YE"#

wheren; = nj» + niz = c.g-& ¢,y is the number operator, S = (S®); S®; S(@)
the spin operator and P = =, _; (1i nj-n;j4) the fermionic projection operator.
The number operator n; acting on a state tells us how many electronsare on site
i, i.e., in our caseeither 0 or 1. The fermionic projection operator P guarartees
that there is no double occupancy If N and N, are givenandt is setto 1, the
only free parameteris J. Thus, the systemis characterizedby J. To make a
setup for ED we needto choosea basis. One can, for example, use a basis of

model.
For the given Hamiltonian onecan obtain the phasediagram (Figure 12) with
ED. The phaseonthe left is characterizedby the (Tomonaga-)Luttingerliquid [9].



Exact Diagonalization 21

x"ﬁi's'**"*"ﬁl;x

! %v > N—vr !

N (anti-)periodic undary 4

Figure 11: lllustration of the 1D t j J model. Electrons can hop from site to
site, but due to strong Coulonmb repulsion, no two electronsare allowed on the
samesite. The boundary condition (dashedline) is usually either periodic or
anti-p eriodic and is chosenupon certain requiremerts for the systembehavior.

A Luttinger liquid descrikeselectronsin one dimension. Its properties are that
perturbations of the systemmove assoundwaves,wherea soundwave can either
be a spin-densiiy-wave or a charge-densiy wave, which move independerly in
a Luttinger liquid (spin-charge separation). Additionally, there is a correlation
exponert K., which is related to all other correlation exponerts. The cortours
of xed value K+, = const: canbe seenin the Luttinger liquid phaseof the phase
diagram. For an introduction to correlation exponerts and phasetransitions see
Refs. [10] and [11].

With growing J, a phasetransition takesplaceat J = J.. This phasebound-
ary separateshe Luttinger liquid phasefrom the phaseseparationphase.In the
following discussionit is explainedhow the phasediagram can be obtained with
ED.

At rst our goalis to gain knowledgeat what J. the phasetransition takes
place. A possibility is to analyzethe behavior of the nite-size equivalert of the
compressibilily .

A !
Na© E(N+2)+E(Nj 2)j 2E(N)
N2 4 ’

(12)

whereE (N) is the ground state energywith N electrons. At the phasetransition
- divergesand thus 1=-(J) crosseszero. Sincefor the calculation of the com-
pressibility only the ground state energyis neededthe Lanczosalgorithm canbe
applied exciently.
The contours of K+, can be obtained by the following expressionthat holds
for Luttinger liquids:
Yo o,

Ky = Evcn o (13)

where ewerything but the charge velocity v is known. The charge velocity can
be obtained by

v = Ei1i Eo .

YN,

(14)
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Luttinger Liquid

n 0.5 0.7 08 0.91.0 1.2 1.6 40
phase-
contours of Kp separation
Jit Jn)

Figure 12: The phasediagramofthe 1D tj J model. Phaseghat canbe seenare
the Luttinger liquid on the left and the phaseseparationon the right. For xed
electrondensity n the phasetransition takesplacefor a critical J = J.. In the
phasedescriked by the Luttinger liquid onecan seethe contours of the Luttinger
correlation exponert K, [9].

where Eq and E; are two of the lowest eigenenergies.lt turns out that is nu-
merically hard to decidewhich of the lowest eigenenergied is. Fortunately, the
t i J model is exactly solable for J = 2, and thus one can obtain E; and E;
for J = 2, then vary J and follow the energydi®erenceE, i Eo. Hence,v. can
be calculatedfor arbitrary J just with the knowledgeof the lowest eigenenergies.
Again, this can be performedrather exciently with the Lanczosalgorithm.

2D antiferromagnetic Heisenberg model

This model hasbeenstudied intensively over the last few decadespecausehigh-
T. superconductivity is still not understood. Typical high-T, superconductors
are the cuprousoxides, which consistof copper oxide layers (Figure 13). These
layerscanbethought of independert two dimensionallayers. Andersonsuggested
that spin °uctuations might be responsiblefor the high-T. superconductivity. So,
in a rst appraximation the Heiserberg model has beenstudied. Here, our goal
is to comparecomputational results gained by this model to the experimertally
obtained data to ched how good this model describesthe physical behavior of
cuprousoxides. A possibleobsenable that can be calculated rather easily with
ED and also can be measuredin an experimert is the staggeredmagnetization.
The Hamiltonian of this systemis given by

H =J S So; (15)
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Figure 13: Conceptualillustration of a high-T. superconductorconsistingof CuO,
layers. This illustration is adapted from Ref[12].

WhereP % denotesthe sum over next neigtbors, r = (x;y), J > 0, isotropic
case.

To setthis up for ED we usethe relationsintroducedin Section3, Subsection
Heiserberg model and we obtain

X Le® () 4 aliat
I3 sPs®P+ 2 (8P sl + sisP)

H
hr ;roi 2

q

S®)js?] 1=2" S?js® § 1=2i ;
. .. .. [CAP I Q (2):
whereimplicitly the basisjf S;”gi : 1S”1 is used.

Apart the usualspacegroupsymmetrles thetq;,al magnetlzatlonln z-direction
is an invariant, i.e., [Stot),H] =0, WhereStot = s . That means,that one
can restrict on subspacewf the Hilbertspacewith xed St(cft) = const: For the
calculation of the sta%;gerednagnetization in the ground state we can restrict on
the subspacewith St 0, becauseat hasbeenshown, that the ground state lies
in that subspace.

The staggeredmagnetization of the ground state is de ned as

D 21X krk 'z, B
my= 2, N (i DS 2o ; (16)
r

wherej? oi is the ground state. In cortrast to ferromagneticorder, the spinscan
be thought of aligned antiparallel. That means,there is no net magnetization.
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The staggeredmagnetization®ips spinswith (j 1)<k on every odd site which then
resultsin a nonzerostaggeredmagnetizationif the spinsare alignedanti-parallel.
One says the systemis characterizedby antiferromagnetic long-rangeorder if the
staggeredmagnetizationis nonzero.

N
+—

N=26

Figure 14: The squaredstaggeredmagnetization m¥? of the ground state calcu-
lated at various lattice sizes(bold points). To obtain m¥? in the thermodynamic
limit the nite sizecomputationsare extrapolated with an extrapolation formula
(solid line). The graph is adapted from Ref. [13.

For the calculation of the staggeredmagnetization, only the ground state is
needed. Therefore, the Lanczosalgorithm can be used exciently, but one is
still restricted to rather small systemsof currently lessthan 40 sites. What is
wanted is the behavior of a much larger system,i.e., in nite sites. The ideato
obtain the behavior in thermodynamic limit is to extrapolate from nite lattices
to in nite lattice with an extrapolation formula. For example,with ED mY(L)
can be calculatedfor N = 4;8;10; 16; 18, 20; 26, and extrapolated with

mY(L) = mY(L )+ i?t; (17)

where N = L2. The result can be seenin Figure 14. Experimertally, this
antiferromagnetic order hasbeencon rmed by a muon spin rotation experimert.

5 Practical Asp ects

To do a simulation it is not necessaryto start from scratth. On the internet
there are a few libraries available that simplify the work. Mostly, they are free
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for academicuseand usually have a cite-me license.Here a list of somepopular
libraries:

1. ALPS project "Algorithms and Libraries for Physics Simulations"
xml/C++ implemertation
http://alps.c omp-phys.og The advantage of the ALPS isit's simplicity and
it's versatility . It is rather easyand foolproof to make a correct simulation.
It also can make Monte Carlo Simulations. A disadwantage is the lack of
symmetries,which is in work at the momert.

2. Spinpadk C++ implemertation
http://www-e.uni-magdebug.de/jschulen/spin/ The advantage of this li-
brary is that symmetriesare already built in. It can simulate Heiserberg,
t-J, and Hubbard systemsup to 64 sites, but doesnot include Monte Carlo
algorithms.

3. Lapadc "Linear Algebra Padckage"
Fortran 77 implemertation
http://www.netlib.or g/lapack/
LAPACK is a collection of functions for dense-matrixcomputations. There
are no physicsincluded. The advantage is the full cortrol over the code.

4. TITPACK
Fortran 77 implemertation
http://lwww.stat.phys.titech.ac.jp/nishimori/titp ack2new/index-e.html
TITP ACK ver. 2is a setof subroutinesto diagonalizequantum spin Hamil-
tonians. The LanczosAlgorithm is implemerted in TITP ACK.
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World-line quantum Monte Carlo

(QMC)

Urs Zellw eger
Supervisor: Philipp Werner

In this chapter, recert developmerts and breakthroughsof world-

line quartum Monte Carlo methods are described. In essen-
tial, the focusis on three algorithms for updating the world-line

con guration: the loop algorithm, the worm algorithm and the

directed-loop algorithm. For someexamples,the algorithms are

discussedn detail step by step.

1 Intro duction

Before the recent breakthroughsin updating world-line con gurations by new
algorithms asthe loop algorithm [14], the worm algorithm [15 and the directed-
loop algorithm [16], world-line updates had beendone with local updating rule.
Theselocal updatesare analogousto the single-spin-°ip Metropolis algorithm for
the Ising model.

The Ising model is a model for anti-ferromagnetic interactions, where one makes
the assumptionthat the spins have only two discrete states: spin up and spin
down. In the simplest case,ead site interacts only with his nearest-neigbors.
The Metropolis algorithm [17] mertioned above randomly choosesone spin and
calculatesthe costin energy¢ E of °ipping the spin. This local update will be
acceptedwith probability min(1; e ®E) (seethe st row of Figure 15).
Simulations donewith the local updateshave a number of drawbads. For exam-
ple a critical slowving-down near phasetransition. With new algorithms most of
them could be solved completely or at leastto a negligible level - exceptfor one:
the negative-signproblem, which is also brie°y discussedn this text.

The improvemeris are due to glokal updates of the con gurations. To illustrate
these non-local updates, we consideronce more the Ising model, but this time

27
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Figure 15: Local (above) update with single-spin-°ip Metropolis versusglobal
(below) update with Swendsen-Wang for the Ising model (black/white circles
represeming spin up/down, respectively).

with the Swendsen-Wng cluster algorithm [18. The mathematical basisof the
latter underlies almost all the algorithms discussedin this chapter. For con-
venience,we visualize spin-up electronsby Tled circles (black) and spin-down
electronsby empty circles (white). Now, we connectead nearest-neigbor-pair
u with a bond to with probability max(0;1; e 2*E), where ¢ E is again the
costin energyassaiated with the bond of °ipping one of the spins, if they are
in the samestate. Then, after identifying the clusters formed by these bonds,
ead clusteris °ipp edwith probability onehalf (seethe secondrow of Figure 15) .

This algorithm is a special caseof a dual Monte Carlo algorithm, wherethe
Markov processalternates between two con guration spaces. One space, we
denoteit by S, is the spaceof the original con guration, giventhrough the system
we consider. In our special caseabove, S is the spin-up/ spin-dovn con guration
(in graphical terms: the set of black and white circles). The secondspace,we
denoteit by G, is the spaceof auxiliary variables. In the previous examplethe
bonds connecting nearest-neighors were referredto G. A stochastic process
is now characterizedby the transition probabilities T(GjS) (generating G with
given S) and T(SjG) (generatingS with givenG). This stochastic processyields
the limiting distribution

Iilm ProbS(n) = S/ W(S)
n!

provided that the transition probabilities T are de ned so that the ergadicity
(time averageequalsensenble average)and the extendel detailed balance condi-
tion

T(GIS)W(S) = T(SIG)W(G) (18)

holds. The weigh-functions W are positive functions, which have to be de ned
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for ead case.In general,the weight of a state S can be written as

Y
W(S) = w(S) (19)

u

where the product is over ead pair u = (i;j) of interacting spins. After the
discussionabove, evidertly onecan write

X
w(S,) = w(Sy; Gy) (20)
Gu

wherew(S,; G,) hasto be de ned. For corvenienceand better understanding
we look oncemore at the Swendsen-Vang model. There G, is a binary-variable
(pair u is connectedor not). Hence,after the last equation the weigh w(S,) of
the pair u is composedof two cortributions w(Sy; 1) and w(Sy; 0) which hasto
be de ned model-speci ¢. Out of the last two equations,one nd

X XY
W)= W(S0G)= W(Sy; Gu) : (21)

G G u

If we de ne the transition probabilities asfollows, detailed balancecondition (18)

is satis ed:

W(S;G)
W(s) -

W(S;G).

T(GjS) = WE)

T(SIG) = (22)
In this last equation, W (G) is de ned analogousto W(S). Whene\er the target
weight W(S) can be expressedhrough eq. (19), the transition probabilities (22)

constitute a valid algorithm.

The only thing we have to do is de ne S; G; W(S; G) for eah speci ¢ model.
S canbeintroducedby two di®eren kinds of represemations, which both reduce
to the samealgorithm: by the path integral and by the high-temperature series
expansion. Sinceit is a little easier,we follow the rst way.

In what follows, we do no longerlook at the Ising model and its visualization
through circles - although it was useful to understand the mathematical basis.
The three Monte Carlo simulations discussedelow (i.e. the loop algorithms, the
worm algorithm and the directedloop algorithm) canbe visualizedwith graphical
objects called world-lines The latter is a curve on a (d + 1)-dimensionalspace-
time lattice. The additional dimension- depicted as the vertical one - is called
the imaginary-time dimension,while d standsfor the (real-)spacedimension.
The extensionof the systemin the imaginary time direction is givenby the inverse
temperature = 1=kg T and we employ periodic boundary conditions. Eac site
i (for examplea spin) in real spaceis depicted as a vertical line of length —~ (see
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A A

time
time

space space

Figure 16: Left side: S-spacewith two world-lines and a few kinks. Right side:
G-spacewith segmets and vertices

Figure 2).

Along ead vertical line (site i), a function n(i; ¢) (called local-state of space
time-point (i; ¢)) is de ned, which takes only integer-walues (0; 1;2;:::) and is

constart almost everywhere. A discortinuouspoint of this function is referredto

asakink. A con guration is the set of theselocal-state functions along the sites
i, i.e. a spin con guration is equivalert to the integersof all space-timepoints.

If the local state is binary - i.e. n(i; ¢) = 0;1 - and the sum over the real-space
is consered, the con guration can be represeted by a set of world-lines that

connectthe points in one of the two states, for examplen = 1 (seeFigure 16).

For a quantum spin model of spin sizes, we haven(i; ¢) = 0:::2s, i.e. the local-

state takes(2s + 1) values. Although con gurations in a non-binary casecannot
be represeted by world-lines, we call it still world-lines for convenience.

The con guration spacedescrited above is called S. We introduce the spaceof
the auxiliary variablesG by two graph elemerts consistingof vertical lines called
segments and vertices The latter needto be speci ed for eah algorithm. An

exampleis visualizedin Figure 16.

2 Loop algorithm
Path integral

We start with the partition function Z, which is given by the following equation:

Z= X - g itha ®: (23)

a
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For convenience,we considerthe path integral in a discretetime and changeto
an imaginary-time represetation (it ! ¢):
*

x Z yk -1z
—_ a —hi . —a .
Z= _Ll!lgn 1j LH = (24)
a k=1
This simpli cation follows from
37, M =
i H — i —H — i . .
e LI!lgn er LI;{n 1 3 : (25)

This procedureis calledthe Trotter decompsition and L is the Trotter number.
Next, we decommsethe Hamiltonian into M independert Operators which de-
scribe the interaction betweenonly two sites (one pair). If the Hamiltonian H is
the sumof M terms, then the last equationleadsto
* — — +
Xx - yxywhkh - T
- a L . —a .
Z _Lllljr_n 1j LHb - ; (26)
a k=1 b=1
where the summation is |§aken over some complete orthonormal basis of the
Hilbert space. Inserting j2 i I'? j betweentwo subsequen factors and de n-

ing ¢ ¢ = =L asthe stepin the discretizedimaginary time represemation, we
obtain
Z= lim P b (K) (L (6 )H® b(K)i - (27)

fa p(k)gk=1 b=1

According to the notation in the introduction, we denote (b;k) as u and we

recognize
X
LI'i{n W, (S) ;where (28)

Y

4

WL(S) FOi@i (¢ HWI? i (29)

u
As we shawved, the partition function is expressedasthe sum of a weight that is
a function of a world-line con guration.

In a similar fashionasthe Swendsen-Véng algorithm we discussedabove, we
can construct an algorithm called the loop algorithm. We can rewrite W, (S), by
introducing G, = G(b;k) = 0; 1:

Y

- = - ®
WL(S) = a0 (j (¢ )HW®) 2y (30)
Gu=0;1 _ _
Y - = NG
= (¢ C',)n(G) a 8 (iH o)% 2, (31)
Ne u
= W, (S;G): (32)

G
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Since these expressionsfor W, (S) and W, (S; G) have the form we mertioned
before,they constitute valid transition probabilities for an algorithm.

To complete this algorithm for the cases = 1=2, we have to specify the
orthonormal set? we use,aswell asth%@decomp@ltron of@h&Hamllt%lan For
the former we usein the followingf 1 ;2 2 ;11 ;i1 1 gandfor
the latter we start with the graphlcaldecomp)sition of the pair Hamiltonian H; .
As explainedabove, ead Hamiltonian H, descrikesthe interaction betweentwo
sites. There are di®eren kinds or possibilities of interaction - ead of them takes
placewith a certain probability and ead canbe represeted through an operator

(4 £ 4-Matrix). Sowe end up with the following sum of cortributions:
X X
Hj = Hi (g) = i a(9)¢ (9); (33)
g g

whereg speci esatype of graph elemen. The graph elemertts shown in following
table build a completesetto describe the XYZ modelswith Hamiltonian

Hij =Cj JxSiXSjX i JySinjy i JZSiZSjZ: (34)

Eadh graph elemen standsfor a certain interaction betweentwo sites (spins).
The rst row is obviously the idertity, while the secondrow represems an ex-
change. Depending on the Hamiltonian just a few elemens of the table may
be used. Becauseof that, there are di®eren kinds of loops for di®erett models
(simple loops, connectedloops and so on).
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D E
Symbol Graph ﬂ3/$3/fj¢‘i,- (@i%%,
100 0
% 01 00 §
gl 00 10
0 0 0 0 1,
1 000
% 0 010 §
9cs 010 0
n 0 0 0 1,
0 0 0 1
L % 01 0 0 §
9co ( | 00 10
g1 00 0,
1 0 0 1
e L % 00 0 0 §
0000
g1 00 1,
0 0 0 0
(I % 01 1 0 §
9D e : 0110
0 0 0 0 0,
1 0 0 0
% 0 0 0O §
dcs M 0 0 0 O b=4
g 0 00 1, b=3
0 0 00
,,,,,, % 01 0 0 § b=2
948 L 0010 b=1
00 00 ,
i= 1 2 3 4

33
k=L
——————— t=2Dt
k=2
——————— t=Dt
k=1
——————— t=0

In the gure onthe right of this page,the world-line represemation in discretized-
imaginary time is visualized for v e sitesi and two world-lines. There are L
layers (numbered by k), ead of them having 4 sub layers, denotedby b. In the
discretized-imaginarytime, there is a strict order of interacting betweenthe sites,

given through this sub layers.

Example

As an examplewe considerthe Hamiltonian for the s = 1=2 XXZ model [19],

X
Hi LAY+ LHAHA + 3.%%:
(i)
The weigtts for the di®eren spin con gurations are then

. o J,
W(S)) = ht+jlj (¢ )Hp + +i =1 (¢¢)5
W(S) = htij jlj (Ce)Hyji +i=1

. o J
W(Ss) = h+ i jli (¢ ¢)Hyj+ i =(¢¢)7X

Out of W(S) = P s W(S; G) (eq. (20)) we get
X

X
W(S,) = W(Si;Gij ) = Wi -
]

(35)

(36)
(37)
(38)

(39)
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-

1j J7Z 0 0
77777777 "
,,,,,,,, 0 121 1
,,,,,,,, 0 JzijZij 0

Table 3: Density of graph elemens for the s = 1=2 anti-ferromagnetic model.
The columns stands for di®eren states, in the rows we seethe probability of
assigningthe left-most graph elemer.

Sincew; = w;;, we have three equationsand 6 variables,

W(S1) = wip+ wpp+ wg (40)
W(S;) = Wa+ Wip+ Wog (41)
W(S3) = Waz+ Wyg+ Wog: (42)

In the caseof s = 1=2 anti-ferromagnetic couplingswhereJ, , jJxj we canwrite
W(Sz), W(S) + W(Ss) (43)

The weights W(S;; Gj) = w; correspnd to transitions S; ! S, i.e. no spin
°ipping. They freezethe weight W(S;). To get an excient algorithm, we have
to minimize the freezingof W(S,), i.e.

Woo = W(Sz) i W(S1)i W(Sz) + Wi1 + Waz+ Wiz (44)

In order to minimize this last equation we setw;; = ws3 = w3 = 0. Then for
the remaining variableswe have

¢é

wiz = 1j 732 (45)
¢¢ o

Wz = 5 (321 () (46)
¢e. .

Wi = (47)

With eq. (48) this correspndsto the following table for the density of graph
assignmen (take alsoa look at the visualization in Figure 17).



World-line quartum Monte Carlo (QMC) 35

L — — —

i

E
1

|

Figure 17: Loop algorithm for the s = 1=2 anti-ferromagnetic model (J, , jJxj)

Contin uous imaginary-time  limit

The goal of this subsectionis to nd out, what graph elemens we have to as-
sign where, if we want to formulate the algorithm in imaginary time instead of
discretizedimaginary time. The reasonfor suc a procedureis to avoid the sys-
tematic error due to discretization, since this error vanishesonly algebraically
for eq. (31). Totakethis L ! 1 limit, we rst look onceagain at the graph-
assignmen probability T(GjS). We canrewrite it as

. Y Y w(Sy; Gy)

T(G]S) = ) t(Gy; Su) = W, (48)
using eq. élg) and eq. (20). Sincew(S,) is given through eq. (29) using that
WL(S) = ~ ,W(Su), w(Sy; Gy) canba calculatedfrom eq. (31) and becomes

.z Z ®

W(Su;Gu) = 20 (i (CHHW)® 2y - (49)

It follows that _ _
D -— - E
tLsSy) = (¢ £ a@ 23¢9 (50)

for S, beinga non-kink (8 9 = 2 ) and t(1jS,) = 1 for S, being a kink.

If S, makesthe matrix elemen of €( g) unity, we assigna graph elemen of type
g with probability (¢ ¢)a(g) to a unit u. Let us now consideran imaginary-
time interval that includes many layers with no kink. Denoting the length of
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the interval by I, there are | =¢ ¢, layersin this interval and the probability of
assigningn graph elemerts of type g to this interval is given by
Mo o) eoin 1
Jim (@ Qa@)" (i (¢ Qale) TN = S (la(g)" € 9 (51)
This is exactly the Poissondistribution with meanla(g). That means,we can
generatea number n with the Poissondistribution above and choosen points
from | uniform-randomly. At ead of these point, we assigngraph elemers.
This is much faster then repeating the graph assignmeh procedurefor all pla-
guettes. Furthermore, the time-ordering of the plaguettesin di®eren sub layers
can be arbitrary. And last but not least: There is no systematic error due to
discretization.

Step by step

We considernow the s = 1 XYZ spin model with Hamiltonian

X ¢ X
H = LU+ I AN+ 3.%% i B % (52)
(i) i

with J, , Jy, 0. The local state function takesthe valuen(i; ¢) = 1= ¥ + 1=2
on the world-lines. Then the loop algorithm consistsof the following basic steps
(seeFigure 18).

Step 1 Start with a certain con guration S.

Step 2 For ead pair u decommse the interval (0; ) into uniform intervals
(interval in which no changetakesplacein the local spin state, neither in i nor
inj).

Step 3 Place graph elemerts randomly with a certain density on the uniform
intervals.

Step 4 Placea graph elemen on ewvery kink with a certain probability.

Step 5 Connectthe legsof the graph elemerts through vertical lines (resulting
graphis referredto as G).

Step 6 Identify clusters.

Step 7 Flip eadt cluster with a certain probability (received imageis the new
S). Then do measuremets.
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'

Figure 18: Each imagerepreseis one step of the loop algorithm for the s = 1=2
XYZ model (for descriptionseethe text). Solid and dashedlinesare usedto keep
apart di®eren loops (and not to indicate whether the loop is °ipp ed or not).

Large spins

The loop algorithm can be generalizedto larger spins simply by replacing the
spin operator as follows [20]:

S?) S°= % (53)

11

where® = X;y;z. This meansthat ead spin operator canbe expressedhrough a
sumof 2s s = 1=2 spins. The Hilb ert spacespannedby this vectorshasdimension
225N that is biggerthan (2s+ 1)N of the original space.Sowe have to eliminate
somestatesto get the correct partition function. We do that by introducing a
projection operator.

Z =trel NSO = ¢ Pei HESO . (54)
The pair Hamiltonian then is given through
X X
Hij = Hp;j 0 (55)
1=1 °0=1

and the visualization in the world-line represemation we get by replacing every
site i through 2s vertical lines. According to this, we have to repeat the graph
assignmen procedure(2s)? times (for every possiblepair of 1 and ® once).



38 Numerical Methods in CondensedMVatter and Lattice GaugeSystems

permutation graph =0

o X b

D Ty

original spin split spins

Figure 19: Split-spin represemation for s = 1. Dashedlines indicates vertices.

It is apparen that the state is invariant under any permutation of the split spins
and the elimination mertioned is due to this fact. Therefore, P is a product of
local projection operators and can be expresseds

Y Y X
P = = 1 ¢, (56)

where ¢, generatesthe permutation. In graphical terms, we have to include
the following step into our updating process:after assigninggraph elemens, we
assignspecial graph elemerts to the end of the vertical lines for eat site. Each
graph connectsthe end points of the 2s vertical linesat ¢ = to thoseat ¢ = 0
(seeFigure 19).

Magnetic eld

For seweral models, the loop algorithm descriked above works best. But in a
model with an external magnetic eld this algorithm may not work well [21]. In
the following, we illustrate the problemin sud cases.For this purpose,we simply
try to solwe the problem straight forward with the loop algorithm.

First, we decompsethe Hamiltonian into a “eld-free H© (which we assumeto
be diagonal) and a "eld part H®,

X
H=  HY+ HY (57)
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For the weight W|_(S) we then obtain

y D PO () B E vy D PN R E
WL(S) = 3 (k)€ et TR (k) £ 2 (k)@ “ ¢T3 (k) (58)
k ik
= w(s;G)V(S): (59)
G

In the last equation, we denotedthe cortribution from the magnetic eld asV(S),
which is given by

R- P _ Y
V(S)= eode iFild = \yS): (60)

C

The last equality expresseshat we canwrite V(S) in terms of clusters.

After all that, for the transition probabilities we nd that T(GjS) (graph-
assignmenh probability) is not modi ed, while the cluster-°ipping probability
becomes

Y
T(S]G) = ¢( S;G) IM: (61)
. SQV(SQ)

The value of T(SjG) becomesvery small at low temperature and that makes
the simulation itself very slonv. This can be seenfrom eq. (60). Togetherwith
eg. (61) it says, that °ipping a spin againstthe magnetic eld of strength H is
proportional to e ™. In sud casesthe worm algorithm which is discussedn
the following chapter may solve the problem.

3 Worm algorithm

In this algorithm, the world-line is updated by stochastic movemeris of a worm.
The latter consistsof two discortinuities, at which the conseration rule is vio-
lated. In our discussiononly oneof thesetwo points movesaround, we call it the
head, while the tail stays at its initial position. The reasonwhy this algorithm
still works if one appliesa magnetic Ted is, that the magnetic eld canbe taken
into accoun at ead step.

There are two kinds of heads(tails). The one,for which the local state above
the headis higherthan that below is calledthe positive head. The negative head
is de ned analogous,as well asthe two typesof tails.

The worm is ableto do three basicmovesand their anti-moves. Every cycleof
the algorithm consistsof thesemoves. Each of them satis esthe detailed balance
condition with respect to the weight W (S) with a cortribution dueto the worm,
called the sourceterm. We considerthe Hamiltonian H j ~Q, where Q is our
sourceterm. So we obtain the following weight (N denotesthe number of
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kinks and Ny, the number of discortinuous points) for a certain state S:

Y
Ui (CHYI2 W E  RIjA+ (¢ ) Q)% i (62)

WL (S) =

= Yo £ (€ 9" W £ (¢ o)Wy (63

Wp = HOJLi (¢ )HL)j2 i (64)
Lynk

Wi = RRAjGH o)j? (65)
Vk

Wy = hﬁl\c/)j,ijavi (66)
v:dc

The secondequality expressedhat the weigh consistsof three cortributions:

The diagonal (index D) and the o®-diagonal(index K ) part of the Hamiltonian

and the sourceterm (index W for worm). In the following discussiornwe consider
represemations with only oneworm.

The transition probability mertioned in frequencyhasto be satis ed for every
move of the worm algorithm:

T(SIS)WL(S) = T(SiSHWL(S): (67)

Next, we discussead move in detail.

Creation / annihilation

We rst choosea site i, a uniform interval of it (1) and two temporal positionsin
it (¢;¢9. Then we decide,if a worm can be inserted at thesepositions or not. It
is obvious, that in this creation-pracessWy, and Wy are altered (there are two
discortinuities in addition) while Wy remainsthe same(there are no additional
kinks created). Let P (1) be the probability of choosing !, P(¢; ¢9dédeé be the
probability of choosingthe temporal positionsand P, the acceptanceprobability
for placing the worm at the proposedpositions. With this notations, the detailed
balance(67) for this move becomes

2P £ PNAALP(S W0 (S) = Pan & Wo (SHdedcWor (81 (68)

Here, S (SY is the state without (with) worm. The factor 1=2 is due to the two

possibilities of the initial worm type. We set P(1) = jlj=(N ), which is one of
many possiblechoices. Then, one nds

R
R = Pe _ 2N | dxdyWp (SIWw (S9 (69)
Pan  jl] Wp (S)
xdyWp (SYWiy (S9)
P(xy) = B
WP = " dxdyWo (S9Wa (59

(70)
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This means,the acceptanceprobabilities can be chosenas
Pe = min(1;R) P, = min(1; R Y): (71)

Often it is too ditcult to compute the integrations above every time a creation
or an annihilation is proposed. Therefore, alternatives may be used, for which
we refer the readerto the original paper of Kawashimaand Harada [22].

Vertical movement

The head moves simply to another temporal position of the site on which it is
currently located (due to this fact, this movemert ist also called a time-shift).
Again, the new point for the head after the vertical movemert is chosenfrom an
interval | that contains no kink and is delimited by two kinks. SinceW,, and
Wy remainsthe same(number of discortinuities and kinks is not altered), we
have only to look at Wy for detailed balance(67):

déPuen(e) | Wo(S9 (72)
, deWp (89

Jump / anti-jump

In this move, the head jumps to a new spatial position (in graphical terms:
to another site), while its temporal position is kept. In this move, all three
weight-contributions W,y ; Wp ; Wi change. The detailed balancecondition (67)
becomes:

P £ (P (X)dX)Wuw (S)Wp (S)Wk (S) = Paj £ Wiy (SYWp (SY(Wic (S)dx) (74)

Similar to the discussionabove, we choosethe position for the jump as

dxP (x) = ':’d K : 75
) | dXWi (S9Wp (S9 (75)
Then, the acceptanceprobabilities for the jump and anti-jump must satisfy
R
R= Pu_ Ww (S9) | dxWp (SYWuw (S (76)

- Paj Ww (S)Wp (S)Wk (S)
and we can choosethem as

Pu = min(1;R) Pej = min(1; R ): (77)
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Step by step

For better comprehensionof the moves descriked above, it is best to illustrate
them in graphical terms. We do not specify any model and its Hamiltonian for
convenience.lt is simply an illustration of the basic stepsof the algorithm.

One cycle of the worm algorithm consistsof the following steps(seeFigure 20).

Step 1 Start with a certain con guration (no worm).

Step 2 Creation of the worm: i) choosea type (raising / lowering) ii) choose
two points of a uniform interval for placing the worm iii) acceptthe proposed
placemen with a certain probability.

Step 3 Vertical movemert: move the headalong the uniform interval

Step 4 Jump: generatea time for placing a kink and jump from i to j with a
certain probability

Step 5 Anti-jump: look at the createdkink betweeni; | . If it is not the nearest
to the head, do nothing. If it is, then look at the second-neareskink involving
i orj. Now let the head jump bad from j to i in the interval delimited by
the kink last mertioned and the head, while annihilating the createdkink in the
jump process.

Step 7 Annihilation: If headand tail are located on the samesite, annihilate
the worm with a certain probability and do measuremets, elsegoto step 3.

Figure 20: Eadh imagerepresetts onestep of the worm algorithm (for description
seethe text).
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4 Directed-lo op algorithm

This algorithm is somehav a hybrid of the loop algorithm and the worm algo-
rithm. It hasthe advantagesof the worm algorithm, while we do not have to
integrate to obtain the transition probabilities and we do not needto decomppse
the Hamiltonian.

In the directed-loop algorithm the G updating in the cortinuoustime limit
is done by placing vertices on ewery kink and with density F* Jj(iH ;)j2 4i in
uniform intervals. But since we don't have graph elemerts in this algorithm,
loops must be createdin the S updating processwith a worm. In comparison
to the worm of the worm algorithm, the worm in the directed-loop can't choose
its position of placing kinks (there is no jump / anti-jump move) becauseG is
xed during the life-time of the worm. Therefore,we alsodon't have the schema
where we alternate always betweenS and G. Rather we receive many di®eren
Sk (starting and endingwith a worm-freeS) out of oneG (meansthat we do not
have a simple Markov chain which is alternating betweentwo spacesas before).
The worm hasalsosomekind of momen of inertia. This means,the worm hasa
preferreddirection of motion and doesnot go unnecessarilypadk and forth (which
may happen in the caseof the worm algorithm).

If the worm hits a vertex, the restrictions mertioned above allows four possibili-

_ . o

of OJZ JZO

initial position turn-back straight diagonal horizontal

Figure 21: The four possiblemovemerts of a worm if after it hits a vertex in the
directed-loop algorithm.

ties of scattering, namelythe four legsof the vertex (seeFigure 21). Accordingto
this specialworm dynamics,the detailed balancecondition is uselesgo determine
the probabilities. Instead of the latter, the time reversal symmetry condition is
usedto determinethe transition probabilities:

Tw (Ske1JSOWL(Sk; G) = Tw (St JS)IW (Sc; G) (78)

($ meanssamestate as S but with other direction of motion). Out of this
equation, detailed balancewill follow.
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The weight of a state with a worm altogether becomes

Y
WL(S) = Wi (S)Ww(S) £ R 017 (¢ ¢)HW)i? ui ; (79)

u

where we have to choosethe additional weight w,, for the head (h) and the tail
(t) of the worm. Sincethe worm is arti cial creation of the algorithm, there is
no natural weight with a physical meaning. We set theseweights to

W (Sy) = 7 HR 2jS)j2 «i : (80)

Next, we have to de'ne T,(SYS) so that it satises eq. (78) in three cases:
creation, scattering and annihilation. In the caseof the scattering process,eq.
(78) says

Tw(SIS)W(Su )W (Sw) = T(SiSIW(S) Wi (SY): (81)

Sincethere are only four possible nal states, this equation can be decompmsed
into seeral closedsetsof four equations. Indeedthere is for any model a general
solution available, but not any solution yields an excient algorithm.

In the caseof the pair creation and annihilation, we have to look at states
with and without worm. Sowe obtain for the transition probabilities

T(S1S) = T(SjS)w (Sp) Wi (S : (82)

In the discrete-timerepresemation, we have NL points at which we can createa
worm. Therefore,the last equation leadsto

T(SYS) = Pu(S\) 83)
T(SiSY = Pan(SV); (84)

for creation and annihilation, respectively (S, is the local state around the point
beforethe creation). Build on this, the detailed balancecondition and acceptance
probabilities become

1
mpcr(sv) = Pan(S)) W (S7)Wi (S) (85)
P = min(1;R) P, = min(1;Ri 1) : (86)
Obviously, R in the last two equationsis de ned as

R = NLwy(S)wWw(SD: (87)
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Step by step

For visualization of the following stepsseeFigure 22.

Step 1 Start with a certain con guration.

Step 2 Placeverticesin eat uniform interval uniform-randomly with a certain
density.

Step 3 Choosea point in the whole space-timeto placethe worm, choosewhich
end is the head.

Step 4 Let the headmove in its initial direction until it hits a vertex.

Step 5 Chooseone of four scattering directions with a certain probability.

Step 6 Repeat the steps4 and 5 until the head hits the talil.

Step 7 If the head hits the tail, annihilate the worm (end of the cycle). If this
cycleis done N¢ye times, end of simulation, do measuremets.
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Figure 22: Ead image represetts one step of the directed loop algorithm (for
description seethe text).

5 Negativ e-sign problem

In numerical simulation of quantum models, the negative-sign problem is the
worst of all. It occurswhensomeo®-diagonamatrix elemens of the Hamiltonian
H, are negative. If that is the case,it can happen, that the weigh in eq. (19)
is negative for somestates S. In sud a case,we perform a simulation with
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weight jW (S)j, instead of W(S). We then decompmsethe partition function into
a positive and a negative part as

Z2=2.+27Z (88)

which must be always positive. In many caseshe negative part almostcompletely
cancelsout the positive (large sizes,low temperatures). Becauseof this fact,
estimating an arbitrary quartity Q as

. gnSQi
Qi = hsgn Si (89)
leadsto exponertially largeerror bars. In specialcasesthe loop algorithm canbe
usedto solve the negative-signproblem for somefermionic models. An algorithm
called the meron algorithm is useful to solwe the problem in someapplications
[23]. The idea of this algorithm is basedon the fact, that there are two kinds
of loops. Those, whose°ipping changesthe sign of the whole con guration no
matter what the initial state may be, we call merons On the other hand, there
are loops that do not causeany sign changeat all. Which kind of loops we
have dependsonly on the geometricfeature, not on the initial spin con guration.
Therefore,the signof a con guration canbewritten asa function of an attributed
value of the loops. Now it becomesapparert that we can handle the negative-
sign problemif it is possibleto do a simulation in the restricted phasespaceof
the meron-freegraphs. That means,for every removal or insertion of a graph
elemen we have to ched& whetherit createsmeronsor not. If it does,removal or
insertion is rejected. Of course,this chedkup takesa lot of computation capacity.
In practice, one handlesonly with two-meronor meron-freegraphs.

6 Conclusions

First of all, we traced the mathematical dewelopmen of the loop algorithm. In
this algorithm, world-lines are updated in units of loops. He works bestin most
cases.The application of this loop algorithm to the s = 1=2 anti-ferromagnetic
model is the only speci cation in this report. With the secondalgorithm, the
worm algorithm, it is possibleto do simulations even if a magnetic eld is ap-
plied. In this case,the world-line con guration is updated with a discortinuity
moving around. The directed-loop algorithm is a combination of thesetwo. For
eat algorithm we explainedthe working principle and shaved a illustration of
the basicsteps.

In this report, the weight is on understanding the basic conceptsof world-line
updates with the loop algorithm, the worm algorithm and the directed-loop al-
gorithm. We completely omitted speci cations for di®eren examplessuc as
densitiesof assigninggraph-elemets and wherewhich algorithm doesbest. Also
not mertioned are di®eren applicationsand what resultsoneget out of them. To
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usethe algorithms in practice onealsohasto know about estimators. For all this
tracts we referthe readerto the original paper from Kawashimaand Harada[23.
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Dynamical mean- eld theory

Christian Theller
Supervisor: Simon Trebst

Dynamical mean- eldtheory (DMFT) is anon-perturbativ etech-
nique for the investigation of correlatedelectronsystems.We will
establishthe application of DMFT to the Hubbard model and see
how this allows to descrite the Mott metal-insulator transition.

1 Intro duction

To study properties of solids, one would like to solve correctly the many-body
Sdiroedinger equation. But becauseof the electron-electroninteraction, it is a
many-body problem which cannot be treated exactly. Approximations have to
be made. The electronicstructures of many real materials canwell be calculated
with density functional theory, wherethe problem is reducedto a single-particle
system where the electrons are embeddedin a static mean- eld generatedby
the other electrons. This method fails for materials with open d and f shells,
where electronsoccupy narrow orbitals. In these so called strongly correlated
materials, the in°uence of an electron to the others is too pronouncedto be
treated independerily. One then tries to descrite the system by a simpli ed
model Hamiltonian that takesinto accourt only a fewrelevant degreef freedom.
But ewen the simplest sudh Hamiltonians cannot in generalbe solved exactly.
Perturbation theory can be usedto obtain good results in certain regimes,i.e.
for small coupling constarts or high temperatures. With dynamical mean- eld
theory (DMFT), | wart to presen a successfuhon-perturbative approad to nd
approximativ e solutions for sudh models.

2 Outline

In a rst part, wewill introducethe mathematicalformalismnecessaryo descrike
the framework of DMFT. A short overlook of secondquartisation is followed by
a discussionof Green'sfunctions and an introduction to coheren state functional

49
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integrals and imaginary-time action. To facilitate the comprehensiorof DMFT,
we will look at an analogproblem from classicalmean- eld theory. Then, we will
giveadescriptionof the DMFT equationsappliedto the Hubbard modeland some
ideasof its derivation. We will establisha connectionto the Andersonimpurity
model. Then, we will shortly descrite the algorithm to solwe the equationsand
“nally shov how DMFT-results can explain the Mott-transition.

3 Formalism
Second Quantisation

When dealingwith identical fermion systemsiit is corveniert to usesecondquan-
tisation. The creationand annihilation operatorsare denotedby a’ anda , which
add or remove a particle in state . i respectively. Herethe j, i's are assumedto
form a discrete orthonormal basisof the one-particle Hilb ert space.Theseoper-
ators obey the anticommutating relations:

fa’;alg=0; fa;ag=0; fa';ag= %, ; (90)

which guarartee the antisymmetric structure of the wave function. An operator
&R which consistsof aone-particlepart A; (i.e. kinetic energy)and a two-particle
part A&, (i.e. Coulomb interaction) takesin secondquartisation the form:
X 1 X
R hiBjtiaa  + 5 he Aok & aype: (91)

1 10 1
. SO Ve

Figure 23: Qualitativ e shape of a Wannier-statelocalisedat site R;.

Important will be the basis of the (delocalized) Bloch-states jk% and the
(localized) Wannier-statesji¥ (see gure 23), wherek denotesa vector in the
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‘rst Brillouin-zone, i standsfor the lattice site and ¥.denotesthe spin. They are
linked by

I N A S

jiva = pﬁ €Mk : (92)

"

Here,N; is the number of ionsin the lattice. From this equationit followsthat the
creation operators a) ,, of Bloch-statesand the creation operators ¢, of Wannier-
statescan be transformedinto ead other through a Fouriertransformation:

1 ®
Gl = P e Riagy; (93)
ok
As an example, we write the system of independen electronsin a periodic
lattice in secondquartisation. The correspnding Hamiltonian Hq consistsof the
one-particle part hy = p>=2m + ‘l?(b). Let Axs(r) = hrjk% denote the eigen-
functions of hy to the eigervalue 2(k). Then the Hamiltonian can be written
as X X

Ho=  2(K)asds=  2(K)Nys, (94)

$2 $2

wheren,,, = a/,3,5, is the number operator. In the Wannier-represetation, Ho
takesthe form:

X
Ho=  tcyGy  ty = i%ghojj% =

ij %

1 X aR
il 2(k)el ik(Rii Rj). (95)
N;
k
We seethat t;; describeshopping of the electronwith spin ¥sbetweenlattice-site

iandj.
Green's Functions

The task of theoretical physicsis to nd proceduresto calculate expectation val-
uesM’(t)i of operatorsand correlation functions hfb(t)@(t‘bi betweenthem. They
could be calculatedfrom the partition function Z of the system. The evaluation
of Z howewer requiresthe knowledgeof the eigenfunctionsand eigervaluesof the
Hamiltonian. They are of coursein generalunknown. The method of Green's
functions allows to determine expectation valuesand correlation functions with-
out the useof Z. To seethat Green'sfunctions emergenaturally, we look at an
examplefrom linear responsetheory: the responseof the magnetisationM of a
systemto a weak time-dependert homogeneousnagnetic eld B (t) is given by
Kubo's formula:

- 1 X740 oo - oo ®
¢CM (t) = v dtB®(tY i i£(ti tYHm (t);m®t%i :  (96)

® il
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m (t) is the operator of the magnetic momert written in Heiserberg represema-
tion. The integrand in brackets is a retarded Green's function. It is a higher
order Green'sfunction: written in secondquartisation, there would appear more
than one creation and annihilation operator in the thermal average. In DMFT,
onetries to nd good appraximations for single-particle Green'sfunctions. The
retarded single-particle Green'sfunction G[&(t; t9 is de ned by

Gt 19 = i i£(ti tYhfaes(t); al,(t9gi: (97)

It is written in Bloch-represetation, but one could take any basis.

One usesthe grand canonicalensenble. So, in the thermal averageof (97),
there occurtermsofthe forme (Hi ™) ande (Hi "Nt 1 jsthe chemicalpotential
and N the particle number operator. To ewaluate G[5i(t; t9 with perturbation
theory, one would have to do perturbation theory for e (i ™) and e (Hi *N)t,
This can by simpli ed by extendingthe de nition of Green'sfunctions to imagi-
nary times ¢, = j it. Temperature is then treated asimaginary time and the two
exponertials canbe takentogether. The Green'sfunction we then de ne is called
Matsubara-function and hasthe form:

Giy¢i ¢) = ih Ta,(e)al (i (98)
where T is the time ordering operator. One can obtain the retarded Green's
function from the Matsubara Green'sfunction.

Figure 24: The rst two order diagramsfor the self-energy They can be calcu-
lated using the rules descriked in [24]. The dotted lines indicate the interaction
term. If it is small, onecanhope to get a good approximativ e solution in adding
only a nite number of orders.

It follows from perturbation theory that G},(¢,i ¢9) obeysa Dyson equation
of the form:

1 .
ntti 2(k)i 8Y (Kl g)’

Gl o) = (99)
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whereGY,(i! ) is the Fourier-transform of G},(¢) given by:
7 -
Gyl n) = deGy(e)e "¢ 1y
0
Herethe i! , are the Matsubara frequenciesand the function 83 (k;i! ,) in (99)
is called the self-energy The self-energyis the sum of all irreducible self-energy
parts [24]. Onehasto draw all di®eren diagramsand calculatetheir cortribution
using given rules. The diagramsof the rst two ordersare illustrated in Fig. 24.
We get a physical idea of the meaningof the self-energywhenwe remark that
the systemof interacting electronscan be described asconsistingof quasiparticles
with in general nite life-time determined by the self-energy The quasiparticle
density of statesdependson the retarded Green'sfunction.

_ @+ v (100)

Coherent State Functional Integrals

| want to introduce rst the fermion coheren states. Fermion coheren statesare
eigenstatesof the annihilation operator. i.e. cyjA = AyjAi. The Wannier-basis
is used. Becauseof the anticommutating relations (90), the eigervalueshave to
anticommute, as we can seeif we act with more than one annihilation operator
upon sud a state. They cannot be complex numbers. One has to introduce
anticommuting variables called Grassmann numbers. They build an algebra
de ned by a set of (anticommuting) generatorsf»g;® = 1;::;n. Integration
and di®ereriation over Grassmannvariablescan be de ned and be written in a
similar form asfor usual numbers.

To construct fermion coheren states,oneasseiatesa generatorA,, with eat
annihilation operator c,, and a generatorA3, with eac creationoperator c,,. The
fermion coheren statesthen take the form:

Ve . P A - 0
jA = @ mAWO0i; (101)

Where j0i is the vacuum state.

This statesare no longerin the physical Fock spaceF . It is possiblehowever
to write the unit operator in F asan integral over Grassmanvariables:
Z Y 4 F4 A P AS A . K el
dAdA,e i AnAwjAihA= 1 (102)

i%
This relation allows to construct in a similar way to Feynman path integrals a
functional integral represemation of the partition function Z = Tr e (Hi™N)
[29. It may formally be written as
Z

Sy ~ DA(OAW)E ST,
A ()= Aun(0)
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where
AD. A Z ) ©X AC @ A A D A 2
S(AGA) = d¢ Aﬁ%(d)(@ i )AL + H (AL Asle)) (103)
0 %
S is the imaginary-time action. In H, creation and annihilation operators are
replacedby the Grassmannnumbers assaiated to them. The above equations
stand for:

; 2 Yy Ac A i S(A%;A)
Z = M|I!Iin . dAa/A;de%;kel e
k=1 %
(104)
U Yoo . Ya 1
Ao, A _ ZXA X Ao (Aﬁ%'k | Aﬁ%‘ki 1) . 1A Y
S(A ’A)) = Ai%;k 2 | Ai%‘ki 1 T H (Ai%;k'Ai%ki 1)
k=2 i¥a
VI Yo ‘ Y 1
2 X o Ayt Ay) 1A AL A .
+ Avr —F5——— t"Aiwm  + H(Aui Aum)

1¥a

where2 = =M. Important for usis the fact that if the action S is quadratic,
i.e. the Hamiltonian H of a simple form, we can usethe formula for Gaussian
integralsto ewvaluate Z. The formula for Gaussianintegrals reads:

Z
P P . AD A o A AT opgil
dAi/zgde%;kel Avik Hice At * I A ¥ I Ak = [detH]eJkat J : (105)
k=1

The J, and J; can either be complexnumbers or Grassmannvariables.
The Matsubara Green's function can also be expressedn this formulation.
Hereit is built with Wannier-states:

Giadai &) = ihTcu(a)gue)i (106)
= 1 DIAL()A (N e SEM AL ()R, (29: (107)

Z A O)xiA0

4 Dynamical Mean-Field Theory
The Ising Mo del

To understand the idea of DMFT, we will rst have a look at an example of
classicalmean- eld theory. The principle of a mean- eld theory is to approximate
a lattice problemwith many degreesf freedomby a single-sitee®ectie problem
with lessdegreesof freedom. One picks a lattice site and studiesthe interaction
of the degreesof freedomat this site with an external bath createdby all other
degreesof freedomon other sites. As an example, we take the classicallsing
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model with ferromagneticcoupling J; > 0 betweennearest-neigbour sitesof a
lattice with coordination z:
X X
H = Jij S Sj i ho Si: (108)

<ij > i

S, is the z-compnert of the spin at site i and hy an external eld. Now one
assumesad site to be governedby an e®ective Hamiltonian Hep = | heeSo With

X
he®: h0+ Joi ks,l = h0+ zJhSi: (109)

hee is the mean- eld generatedby the external eld hoy and the averagevalue
hSi of nearestneighbours. Sincethe two possiblecon gurations at ead site ,
J"i and j#i, have energiesj 1=2h¢s and 1=2h.e respectively, they have di®eren
occupation probabilities. With the Boltzmann factor, one can show that hSi has
to satisfy

hSi = 1=2 tanh(1=2 hege): (110)

we seefrom (109) that hee is a function of hSi and so equation (110) can be
viewed as a self-consistencycondition for hSi. So hSi can be evaluated. It is
physically quiet intuitiv e, that this approximate solution becomesexact in the
limit of in nite lattice coordination.

DMFT Equations

DMFT extendstheseideasto quantum many-body systems.As an examplewe
study the one-bandHubbard model:

X X
H= ti (G ot CyGy) + U Nnunyy, (111)

<ij >% i

wherec, and g ,, are the creation and annihilation operators of Wannier states.
t; is the hopping matrix elemen for electronswith spin ¥2betweenlattice site i

andj. The rst term standsfor the kinetic energyof the system. The seconderm

descritesthe potential energyof a on-site Coulomb repulsionU. The Hubbard
model is the simplest model which describes the competition between kinetic

energy and potential energy of electronsin a many-body system. In the limit

U=t; ! O, one getsthe non-interacting density of states. The system consists
of one band and descritesa conductor. As U=t; | 1 howewer, the density of
statesis split into two bands, the upper and the lower Hubbard band [24]. At

half Tling, the systembecomesan insulator. For intermediate coupling U=t we
expect to obsene a phasetransition betweenthesetwo extremal limits. Since
perturbative approades break down in this parameter regime, appraximative
techniguessud asDMFT can give valuable insights.
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Figure 25: Density of statesof the Hubbard model at half Iling [26]. In a we see
the non-interacting density of states. The band is lled up to the Fermi-energy
and descrikesa conductor. In b we seethe caseof strong on-site interaction U.
The density of states consistsof two bands: the lower and the upper Hubbard
band. The energygap is of the order of U and the systembecomesan insulator.

DMFT replacesthe action S in (103), which dependson all the A,, and A},
by an on-site e®ectie action See only depending on Ay, and Ag,, :
Z- Z- ¥ Z -
Se=i de de’ A Gi (e AL + U _ deng (¢)nose);
7
(112)
whereng. (¢) = A (¢)Ay (¢). We seethat all the other degreesof freedomare
lumpedinto the function G,X(¢i ¢9. It isthe analogonto hee But it isafunction
of time, which meansthat it takesinto accoun local temporal °uctuations. As
hean G,1(¢ i ¢9 hasto be determined self-consistetly: See allows to calculate
the on-site Matsubara Green'sfunction Goos(¢, i ¢9. Now oneassumeshe self-
energyto be k-independen, i.e. 8 (k;i! ,) = 8 (i' ). Then, from (99), the
relation (93) and the linearity of the thermal average,it follows:

Z 1
- D(?)
Wil = 2-
Goo#(1! n) T T 50 (113)
whereD (?) is the non-interacting density of states:
1 X7
D) =& i 2k (114)

bk

G,! then hasto satisfy the self-consistencycondition
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§% (it n) = GLM(it n) i Ghoui! n): (115)
Beforewe descrike how to determine Gj,* and thus the self-energy8}! , we give a

derivation of theseequationsand discussthe connectionto the Andersonimpurity
model.

Deriv ation of the DMFT Equations

The DMFT equationsyield an exact solution for the Hubbard model in the limit
of in nite spatial dimensions[27]. To seethis, we look at a derivation borrowed
from classicalstatistical medanics, where it is known under the name "cavity
method" [28. We will again usethe Ising model to illustrate the idea. In the
Ising model, the local quantity is the spin at a given lattice site. To calculate
the thermal averagehSyi at lattice site O, one would have to sum over all spin
con gurations of the lattice:

1X - 11 X e 11 X —som: 102,
hSai = — i H(S) = = — i TH(So=1=2Sj) . — —+ i H(So=i 1=2Si)
ol = 77 S® 2z ° 'tz ° -
aSIIii Si;i60 S;;i60
(116)
Here H is the Hamiltonian of the Ising model de ned in (108). One tries now
to reducethe problemto a single site e®ectie problem by determining Hee sud
that X
1 i “H(S0:Si) 1 i “Hes(So)
- gl 0:51) = _— g e®(So (117)
Si1i60 Zeo
holds. To do this, we split the Hamiltonian into three parts:
X
H =i hoSoi Ji0SoS + HO:

In the following, we write “; for J;0So. H© is the Ising model in absenceof
site 0. Figure 26 illustrates this. Now, we can rewrite the left part of equation
(117):

“hoS X s HO _ 1 s 0TS 0).
e o e e = e "0z%he W
z S;;i60
Expanding the exponertial and using the linearity of the thermal average,this
becomes:
1 “hoSo (0)u XX " 4 '(o)ﬂ
Ze Z 1+ YR ¢ ¢ 1S, ¢ ¢S i

n=1 i1,

Now, we insert this in (117) and take the logarithm. Then we usethe expansion
log(j1+ xj) = x i 3x?+ $x3j :: and rearrangeterms in the order of ~. What
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Figure 26: The cavity method: onesite is removed from the lattice.

we getis:
_ . Z ©)
i Hea(So) = hoSo+ |09(Ze®7)
X
+ _'ilhsili(o)
i1
X _2, , l - (0 - (0 - (0 ¢
+ op it iz rsilsi2|() i hSill( )hsiz|()
i
X 3 i
+ ?Iil,iz'is I"Silsizsisi(o)i 3I”Sili(°)fSiZSi3i(O)
iigiz ¢
+ 2hS;,iOhs,i Ohs;,i @
+

Now, we look what happens if we take the limit d ! 1 . In that casethe
Jio's and thus also the “;'s must be scaledas J,, = J3=d to yield a sensible
limit [27. Asd! 1, only the rst sumin the above equation will survive.
We show this explicitly for the secondsum: the summation goes twice over
all nearest-neighours. So we get a factor / d?. This is compensatedby a
factor / di 2 coming from “;,";,. Now, as the number of nearest-neighours
increasesthe correlation betweenspinsat di®eren sitesdecreasesnd it follows
hS,S,i® 1 15,i0hs,i® asd! 1. Sothe secondsum disappears. If we
remark that removing of a single site will not have an e®ectin the limit of
innite dimensionsso that hS;i© can be replacedby hS;i, we get an e®ectie
Hamiltonian Hep= | heeSo With heg asin (109): hgg= hg + zJHSi.

The derivation of the DMFT equationsfor the Hubbard model is donein a
similar way. Here we give only a sketch of the proof: The local quartity is the
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on-site Matsubara function. As we have seenin (18), it can be written as:

Z
1 ‘o f L S(ATA & .
Coolcai &)= 5 DAADE "V Ay a)Ase): (118)
We can rewrite this as:
Z
... Y AD A A L \AD /. 1 Y AD A i S(A";A)
Goosléa i é1) = D AgD Ags, AO%(CA)AO%(cf)Z DA3DAe :
%, %i60
(119)
In analogyto (117), we look for an e®ectie action S that satis es:
1 14y fo.4
Z—ei Se®[AS%;A0%] -5 DA[;ADA%ei S(AD;A): (120)
e®

¥i60

The procedureis now quite similar to the onefor the Ising model. We split the
action S for the Hubbard model into three parts: S= Sy+ ¢ S+ SO, S, is the
on-sitepart of site 0, ¢ S the interaction betweensite 0 and the rest of the system
and S© the action wheresite 0 hasbeenremoved. With the right scalingof the
hopping term t, only a few terms survive in the limit of in nite dimensions[28].
See takesthe form givenin (112) with:
X
Gl p) =i+ L tor o G Al n): (121)
1]
Gi(jo;)% is the Matsubara function for the Hubbard model with site O removed. For
the Ising model, we could just replacelS@i by hSi. In this case,we needthe
more complicatedrelation G(O) =Gj i G'OG'O [28]. Introducing this in (121) and

using the k-independenceof the self- energyln the limit d! 1 , which hasto be
proven independerily, one nds the self-consistencycondition (115) for G,

The Anderson Impurit y Mo del

We get a physical idea of what one has done by replacing the action S of the
Hubbard-model by an e®ectie action Sge for a chosenlattice site, when we look
at the connectionto the Anderson Impurity model (AIM) [29. The Anderson
impurity model describes a conduction band of independert electronsin pres-
enceof an impurity site in 0. The electronshave a certain amplitude to hop
from the conduction band into the impurity site and vice versadescriked by the
hybridisation V,. The Hamiltonian of the AIM hasthe form:

X X
Hav = 5 a1y3/4ai %t \% (a1y%co%+ C%%ai %)
|3& 1%

it CoCov+ UNg: gyt
7
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Figure 27: The principle of dynamical mean- eld theory (DMFT) [26]: The full
lattice of electronsand ionsis replacedby an impurity atom imaginedto existin
a bath of electrons. Electronscan hop in and out of this site via the hybridisation
Vo.

We seethat Hayv is quadratic in aj,, and a,;, Thus the action is also quadratic
in the Grassmannvariablesay;, a,, Therefore,using (105), the conduction band
electronscan be integrated out. The action dependsthen only on ¢, and cy,
and has the sameform as See in (112). G,}(¢ i ¢I*™ found this way depends
on the e®ectie parameters% and V,. If they are chosenappropriately, one can
assureG, (¢ ¢9*M to be equalto the self-consistehsolution Gj,(¢,j ¢9ubrard
of the Hubbard model.

So, DMFT replacesthe full lattice by a single impurity atom imagined to
exist in a bath of electrons. G,'(¢ | ¢9 capturesthe dynamics of electronson
this atom asit °uctuates amongdi®erer atomic con gurations.

Solution of the DMFT Equations

Let us recall herethe closedset of DMFT equations.

Goulei &) = ih Teeé)e(édise
Z 1
. B D(?)
CAln) = AT s
§2/{|1(i! n) = Gki/ztl(“ n) i Gg/zll(“ n);

where See dependson G,1(¢) over (112). This set of equationscan be solved
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iteratively. The rst equationis written in imaginary time and the other two in
Matsubara frequencyrepresemation. This will make it necessaryto useFourier
transform in the iteration. One cycleof iteration goesasfollows: One starts with
a self-energy8 ¥ (i! ,) comingfrom the previouscycle. In a rst step,the Green's
function Gg(i! ) is calculated using the rst equation. In a next step, Gy(¢) is
ewaluated:

) GL'=Gi+8 Y ] IFT

Golil o) diiiiiiiiiiiiii!  GAI n) iii! GAe): (122)

IFT is the inverseFourier transform. Gy(¢) yields an e®ectie action Sge that
allows to calculate a new Matsubara function G52 (¢):

Se
G&) it GM(e): (123)
The loop endswith the determination of a new self-energy:

ET §: G'A-A.li Gi%lnew
ne . ne HER N T M new.
Gy M (¢) iii! GIXV(! n) diiiiiiiiiiiiii! 83 o (124)

The Evaluation of Gy ¢) from Sge

The most dixcult step in the iteration is the evaluation of a new G,(¢) from
G,(¢). For this purpose,the integralsin See are appraximated by sums. This
correspndsto a nite M in the limit of the functional integral for Z (equation
(104)).

X , X
See=i 2 A GO T 19)Agyo+ U2 NgyNg: (125)

510=1 % =1

2 jsagaingivenby =M. This action is still quartic becauseof the last term. It
can be decoupledin the expressionfor Z using a discrete Hubbard-Stratonovich
transformation at every time step:

. } 1 X P
2Ungn Nog: +(2U=2)(Ng + Nogy) — s'(No*1i No#l -
g 1 Mo +( )(Now i + Now ) — é ” es (Movii 0#,|)1 (126)
sl="1

with cosh() = exp(U=2). The Hubbard-Stratonovich transformation is valid
for operators. But using the Trotter decomposition, one can show that it can
alsobe usedin the functional integral over Grassmannvariables[28]. Z canthen
be written as:

UﬂMX Z
Z =

NI =

P P B
dA[)l%l dA)%I ei 103, Agyy M iu 0Pogy 0 (127)

fs'l="1g  %l=1
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where |
Msio= i 22G (1T 19) i 2%s 40 (128)

Using the formula for Gaussianintegrals over Grassmannvariables (equation
(105)), Z takesthe form:

H lﬂ MoOX Y |
Z = > detMy,: (129)
fsl="1g %
The Matsubara Green'sfunction becomes:
pl1““” 1 X N .
GuC(hi )= 5 - (Mp)j, detMg: (130)
fs'=" 1g Ya

The problem has beenreducedto a matrix-problem. The ditcult y consists
now in summingover all 2¥ con gurations of s'. Exact calculationscan only be
donefor M - 24. For larger M, Monte-Carlo calculations give approximative
results. An e®ectie algorithm comesfrom Hirsch and Fey [3(].

5 The Mott-T ransition

Figure 28: Example of a metal-insulator transition. As temperature readesless
then 150K, the resistivity of metallic vanadium increasesabruptly by a factor of
1C°. It becomesan insulator.
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Figure 29: DMFT solution of the Hubbard model at zerotemperature and half
lling for di®eren values of the on-site interaction U [26. The Mott metal-
insulator transition occurs when U is strong enoughto causethe quasiparticle
peakto vanish.

There exist materialsthat shav a sharptransition from insulating to metallic
behaviour if a physical parameter suc as the temperature is varied. The resis-
tivit y changesabruptly over many orders of magnitude. See gure 28. Suc a

Figure 30: The photoemissionspectrum of metallic vanadium (V,03) [26 . We
seethe quasiparticle peak and the Tled Hubbard band. Higher-energyphotons
are lesssurfacesensitive and in better agreemen with the DMFT calculation.
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Mott-transition is dueto interactionsin the solid. It canorigin from ionic e®ects,
for example changesin the lattice structure. The investigation of the Hubbard

model using DMFT hasshown that electronicinteractions alone can explain this

behaviour. In "gure 29 we seethe DMFT solution of the Hubbard model at zero
temperature and half Tling. As the on-site interaction U increaseswe can see
the appearanceof the two Hubbard bandsand the narrowing of the quasiparticle
peak. At a certain value of U, the quasiparticle peak disappearsand the Mott

metal-insulator transition occurs.

The knowledgeof the quasiparticle density of statesyields information about
the photoemissionspectrum of the material. In gure 30we seethe photoemission
spectrum of metallic vanadium (V,03) near the metal-insulator transition. The
DMFT solution is in good agreemeh with the experimertal result.
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In 1974Wilson proposedan approad to QCD that openeda new
era. He suggestedo usea discretespacetimeasa regulator of the
theory in the Euclideanpath integral formalism, and shaved how
the regularisationcanpresenelocal gaugeinvariance. Onevirtue
of this approad is that it exposesthe inverse of the coupling
constart asa natural expansionparameter,making it possibleto
accesdghe non-perturbativ e regimeof the theory analytically. In
this way, it is possibleto prove that the theory con nesat strong

coupling.

References: [31] [32] [33 [34]

1 Intro duction

This work preserts a method to put Euclidean eld theory on a lattice. Per-
turbativ e approates are sick of divergencies. The lattice is a unique meanto
regularisethesein nities while exactly preservinggaugeinvariance.

Within this formulation an e®ectcalled con nemert will be shavn in the strong-
coupling limit using the strong-couplingexpansion. Preparatory stepsinclude to

show
2 how divergenciesappear
2 what gaugeinvarianceis
2 how to put quartum elds on the lattice

2 what con nemert is

65
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2 how strong-couplingexpansionworks

2 Intro duction to QFT
Gauge Invariance

The idea of gaugeinvariancewill beillustrated by meansof the exampleof QED.
Considerthe classicalLagrangefunction of the electromagnetic eld

1

— | ZFw Flo
where Fo = @Ao,‘ @A (Field strength tensor)
A= AA (A: scalareld, A: vector eld) .

The Lagrangian of the quartised electromagnetic eld is formally equal

1 10
L:iZFmF ,

when A: is identi ed asthe photon eld.

The Lagrangiandescribesa physical system. If a transformation doesnot change
the Lagrangian, the physics stays the same: this is called a symmetry. Gauge
invariance is an example of such a symmetry and the theory then is called a
"gaugetheory".

The (local) gaugetransformation of the A: “elds is given by

Ar(x)! A2x)= Ai(x)+ @' (xX) where 1 (x)2R
By using-( x) := €' ®) onegets

A2(x) = Au(x) + i-( X)@- (),
since _ .
@ "(x)= @ " ¥ =ii@! (xe'" ¥ =ii@! (x)- "(x).
This local gaugetransformation doesnot changethe Lagrangian.

Fo = @(A(X)+ @! (X)) i @(A:(x)+ @' (X))
= @A-.(x)+ @@ (X)i @A:.(X)| @@! (x)

@A - (X) i @A:(x)

= Fw
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One now can identify -( x) := € ® asthe (fundamertal) represemation of
the group U(1). One thus calls U(1) the gaugegroup of this theory. Sincethe
elemens of U(1) commute, this group is an Abelian group, and therefore the
theory is called an Abelian gaugetheory.

Sincecon nemert is a property of Quantum Chromodynamics,the di®erence
to QED hasto be considered.
QCD hasthe gaugegroup SU(3), where 3 standsfor the 3 coloursof the strong
force. In generalelemens of SU(N) do not commute. This meansthat QCD has
a non-Abelian gaugegroup.

QED: Abelian: photons, no sel nteraction
QCD: non-Abelian: gluons,sel nteraction

The consequences, that the physics of the Abelian QED is completely dif-
ferert from the non-Abelian QCD, sois the strong force very di®eren from the
electromagneticforce.

Figure 31: Behaviour of the electromagneticand the strong force as a function
of the distance
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Regularisation

The regularisationprovided by the lattice corntains a cuto®in "momentum space"
(Ultraviolet cuto®: loop-corrections)and a cuto®in "p osition space" (Infrared
cuto®: zero-point energy).

To discussloop corrections,it would be necessaryto introduce Feynmangraphs.
This is far beyond the scope of this report. Therefore an illustration of the reg-
ularisation of the zero-point energyof the electromagnetic eld is presened.

The quartisation processof the electromagnetic eld leadsto an in nite set
of harmonic eld oscillators.
In this formulation the "eld energyfor the vacuum- can be expressedhs

X 1. X 1
E™ = ~l(ng + E)]-: n,=0 everywhere — E"’! =1.
x x
The “eld energyfor an arbitrary state A:
i X 1.
E™ = ~1 (N + E)JA?n(o;m):m =1 +m-~l.

%

The method of the regularisationis to choosea cuto®#g, that is onerestricts
the systemto a nite number L of oscillatorsin every dimension(here: three).

Now the vacuum eld energyis

X 1. Hy T
E: = ~I (e + 2)j- n,=0 everywhere — =~ ¢L",
2 2
%2 (a)
which is a well de ned number.
For the state A onegets

A X 1. Hy 1
ED = ~I (nx + E)JA:n(O;l;O):m = §~I ¢L + m~' .
%2i(m)
Only di®erencesn energiescan be measured,for instance the di®erenceto
the vacuum energy For the arbitrary state A one obtains

EAM =ENi E; = m~!

o

By taking the limit = ! 1 , the cuto®, the restriction to a nite number of
oscillators, is removed. One obtains the energy of an arbitrary state A in the
regularisation of the theory:

lim ES> = m~1.
all
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Sofar it hasbeenshawn:
2 the conceptof gaugeinvariance
2 the idea behind regularisation.

For the further formulation of the Euclidean eld theory onthe lattice, onehas
to focuson two main ingredierts. One hasto recover the cortinuum Lagrangian
from the lattice by removing the cuto®, and one has to require exact gauge
invarianceon the lattice.

Intro duction to QCD

As seenbefore,Quantum Chromodynamicsis a non-Abelian gaugetheory which
descrikesthe strong interaction. The basicobjects are the quarksand the gluons
which carry a colour charge. Like any quartum eld theory, QCD descrikesin-
teraction betweencolour charged particles through the exdangeof gluons. The
colour chargeof the particles can be interpreted asa SU(3) gaugedegreeof free-
dom, sincethe trace over the color indicesis gaugeinvariant.

The complete Lagrangedensitiy of QCD is descriked by

X . 5
Laco(9) = i ;68 ()G” () + S0 D00 | mad 00 ()

A (°avour)

where B2(x): gluon eld
G% (x) ;== @B&(x) i @B2(x) ig [B:(x);Bo(x)]: "eld strength tensor
a: colour index.

In this work the focusis on pure gaugetheory only, hencethe fermionic elds are
neglected.This simpli es the Lagrangianto

Laco(¥) = i 368 ()G” *(x).

QCD enjoys two peculiar properties:

2 asymptotic freedom
At very high energiesquarks and gluonsinteract very weakly. This topic
will be discussedn more details in the report by Bruno Kng.
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2 con nemert

The force betweenquarks doesnot decreaseas they are disjoined. There-
fore, in nitely much energy is neededto separatetwo quarks: they are
called boundedor con ned.

The theory of con nemert still is unclear, but there are experimertal indi-
cations, for instancethe failure to obsene free quarks.

3 Wilson Formalism

In order to descrike Euclidean elds on the lattice, somequartities have to be
introduced.

hypercubic lattice

This is a four-dimensionalspace-timelattice with nite size and periodic
bounglary conditions. a

o = leO' nlzx—l-N,NZN

a

lattice spacinga

This quantity represems the distancebetweentwo lattice points and is the
only dimensionfull quartity. Here it has beenchoosento be equalin all
directions.

sites
The points on a lattice are called sites.
X: = nia n: = (Ng1;Ny;N3;Ny); N; integer
links
A link descrikesthe line which connectstwo neighbouring lattice sites.
l=1fx;1g
X: starting point
1: direction
I
X X+ a”
G ©
Figure 32: A link on the lattice connectingtwo sites
plaquette

A plaguette is the elemenary squareon a lattice, which is boundedby four
links.
p=1fx% °g
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> @
The set of the four links of a plaquette.
X+ an X+ at+ah
P T
X X+ an

—

Figure 33: A plaquette on the lattice and its four bounding links

Lattice Formulation of Gauge Fields
The gauge eld on the lattice is attributed to the links.
Ai(x) =) U (x)" €™ jscalled"link variable" or "phasefactor".

On the lattice onecanthink of two orientations of a link: a link and the link
in the opposite direction, which are namedU: (x) and UY(x).

UY(x)
X X+ a’

U (x)

Figure 34: The two orientations of a link

With this de nition of the orientation of links, one can now calculate the
phasefactor of a plaquette. The plaquette variable is the phasefactor of @ and

is given by

U(@) = UY(x) U¥(x + a®) Us (x + ab) Ui (x)
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U¥(x + a®)
x+ah X+ at+ah
UY(x) U (x+a?)
X X+ ah
U (x)

Figure 35: The plaquette variableis the product of the contributing link variables

The basictoolsarenow introducedto work onthe lattice. A rst calculationis
the naive cortinuum limit (a! 0) of the lattice action, which hasto be achieved
as mertioned before. The calculation is presetted in the next subsection.
Wilson Action and Naiv e Contin uum Limit

The action proposedby Wilson is de ned by

X x M o
S[U] Sp(Up) = i 5N tr(U)+tr (U9 1
P p
X 1 N
= 1 N tr(U)+tr(U' ) .

In orderto nd a relation betweenthe action S[U] proposedby Wilson and
the Yang-Mills action of the cortinuum theory, the following quartities are used

X
gaugeeld: A (X)=  jigAP(X)T,
b
link variable: U (x) = & 2 (),

The discretederivative can be written as
Ao (X + aP) = Ao(x) + at f Ao (x), (131)

which will be usedto nd the Yang-Mills action.
Another tool for the calculation is the Campbell-Baker-Hausdor®ormula

g = gty (132)
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The rst stepisto nd another expressionfor the plaquette variable Up.
U, = Uy

= UJ(x) UY(x + a®) Ue (x + ar) U (X)
g aA; o (x+a?) e aA; : (x+al+a®) g aAo (x+ar) g aA: (x)

g ali Ae (X)) gi a(i A: (x+a%) o aAe(x+al) o aA: (x)
eaAo (x) eaA1 (x+a?) g aAo (x+ab) g aA: (x)

Hereit hasbeenusedthat A; . (x+a®) = j A.(x). By applying the appraximation
(131)

@A (X) ga(A (x)+ ac¢iA:(x) g alAe (o at iAo (x) o aA: (x)

Up
gPA° (X) A (x)+a? ¢ § AL (x) g A0 (x)i a2 ¢ [ Ae(x) o 3A: (x)

(132) @A (X)+ aA: (x)+ a2 ¢f AL (x)+ 3 [aAe (x);aA: (x)+ a2 ¢ § A (x)]+
+ @ A ()i a2 ¢! Ao (x)i aA: (x)+ I[i aAe (x)i a% ¢ [ Ao (x);i aAs )]

QPR 0+ aAs (X1 a2 ¢ £ A ()+ Z[A0 ()i (01 B [Ae (05 LA ()]

+ g A i a2 ¢ f Ao (x)i aAr (x)+ %[Ao(x);Al (X)]+ §[¢IA0 (x)iA: (0]

@A 0+ aAs (x)+ a2 € LA (x)+ 2 A0 (X)iA: (1 O(a%)

+ @ @A ()i a2 ¢ L A0 (x)i aAs ()+ 3 [As (X):A: (X)]+ O(a?)
(132) gAA° ()i ahe (X)+ aA1 (x)i aAr (x)+ a2 ¢fA (0 a2 ¢l Ao (x)+ 2§[Ao (x):Ar (X)]+
+ %ha(Ao 0+ As GO+ a2 ¢ L AL () Z2[A ():A (0T a(As (x)+ Ax (X)) a2 ¢ [ Ae (x)+ 22 [Ae (x);As 001 +
+0(ad)

a2(¢ L Ao (x)i ¢ LA ())+a2[A0 (x)iAs ()]i 22[A0 (x):As ()]i 3 [As (x);Ae ()] + O(a)

= @ (1A LA (01 [Ae (A () + B TA (030 (] B[AS (X)iAe (X)]+ O(a®)

= a2 (¢TA ()i ¢EAL ([ A (x)iA0 (X)])+O(a?)

With
G (X) = Fuw (X) + O(ag),

where
Fo (X)= ¢TA(X) ] ¢TA(X)+ [A: (X): Ao (X)]
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one obtains i
Up= & & (0, (133)

The trace of the plaqug:tte then is \

r(Up)+ tr(Uit)=tr &3¢0 4 g™
1 y T
=tr 1j a’Gw (X)+ 5612" (x) + O(a% +
g - 1
+1tr 1+ a’Gwo (X) + EG% (x) + O(a°)
. oo, T
i, ¢ at_,
tr(l)j tr a°Gw (X) +tr EGm x) +
. ¢ Mo T
I 2 a ., 5
+tr(1)+tr a°Gw (X) +tr EGN (x) + O(a)

i ¢
2tr (1) + a*tr ' G2 (x) + O(a°).

By using G2 (x) = F2 (x) + O(a),
2tr (1) + a*tr | F2 (x) + O(a)¢+ 0(a%)
2tr (1) + a*tr 'F2 (x) + O(a®).

tr (Up) + tr (U} %)

This result is insertedin the Wilson action:

— X — X - . [ il ¢ﬂ
S[U] = Sp(Up) = 1j 2t (1) tr (Up) + tr (U; 7)
p u p q
SN =T iy ate B2 0+ 0@
' 2tr (1) :
P T
- s P00+ 0@
X a4 i ¢
=i ;—Ntr 'F2 (x) + O(ad).
P
The sum can be written as
X X X

tr iF% (x)¢: tr iF% (x)¢: tr iF£ (x)¢
p g o

only one orientation all possible orientations

NI =
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and

X @ ¢
> oottt FS(x) + 0@
2 ., 2N rFi (x) (a)

1-0
1

S[U] =i

X
=i IN a’tr (Fuo (X) F* (x)) + O(2°).

X

. . . R Iattlice P 4
The scalarproduct on the lattice is givenby f (x)g(x)dx ! L at (x)g(x).
One nds for small a

_Z
S[U] = i N U (Fw (X) E* (x)) + O(a°%) dx.
By identifying = 2—'2 onerecoversthe Yang-Mills action
Z
S[U] = i 29 d* tr (Fo (X) F* (X)) + O(&°). (134)

In lattice QCD simulations,  is the parameter,which canbe tuned. The lat-
tice spacingthen is determined by the Callan-Symanzikequation, the so-called
~ -function. This will be discussedn more details in the report by Bruno Kng.

Gauge Transformations on the Lattice

The next major point for the theory on the lattice is gaugeinvariance. As men-
tioned before,exact local gaugeinvarianceis required.

On the lattice the gaugetransformation of a link is given by

Ui (x) i} U2(x) = -(x+ a®) Ui (x) - Y(x) (135)

and for the plaguette variable by

U@ i! U@ = -(x) V(@ - *(x).

The gaugeinvariant object on the lattice is the trace over the colour indices
of a phasefactor.

tr U@) i tr V@) = tr U(@)

This is veri ed in the following calculation.
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UY(x + an)

(x+a") (x+ar+an)
UY(x) U (x + an)
(%) (x+a")

U (x)

Figure 36: The links of a plaquette and the gaugetransformation of the sites

The lattice gaugetransformation is appliedto ewery site of the plaquette. Re-
menberingthe de nition of the plaquette and the phasefactor onegetswith (135)

2

tr UA@) = tr 4-( x) U¥(x) | Y(x + a@{)z-( X + a"*? UY(x + a®) ¢

=1
¢: Y(x + at + a“”{)z-( X+ ab + aﬁg Uo (x + af)¢

|
=1 3

ch Y(x + al‘%-( X + al\? U (x) - Y(x)2
tr E—( X) UJ(x) UY(x + a®) Uo (x + a) Us (X) - y(x):
tr UY(x) UY(x + a®) Ue (x + a?) U: (X) - Y(x) -( X)
tr U(@)

Wilson loops

In order to shav con nemert on the lattice, a few more quartities have to be
introduced.

2 |attice contour C
A lattice cortour is the generalisationof @.
C=fx;1q:01,
Where x is the starting lattice site and *; the direction on the lattice.
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2 |attice phasefactor U(C)
This is the correspnding phasefactor of a lattice cortour C.
UC)= U (x+alty+ i1+ aly 1) iU, (x + ay) Ui (X)

Figure 37: A closedlattice cortour

2 Wilson loop
A Wilson loop is de ned by
Cw = tr U(C)
whereC is a closedlattice cortour, i.e. ™+ :::+ 2, =0

2 Wilson loop expectation value
The expectation value of a Wilson loop is introducedas
Z
W(C) := hitr(U(C))i -1 Y du: (x)el _S[Ulitr(U(C))
~ N ~z0) ' N

X;t

Where C: closedlattice cortour
e S Boltzmann weight,  S[U]: Wilson action
Z(): P%rtition function (normalisation factor)
Y _
Z() = du: (x)el SV

x;t

One can ask why links are usedto describe Euclidean elds on the lattice.
The major point is:
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By putting the gauge elds on links, one can construct exact gaugeinvariance
and adieve the continuum action in the naive cortinuum limit a! O.

All the necessanterms and de nitions are introducednow. In this formula-
tion it is possibleto shov con nemert in the strong-couplinglimit analytically.
The next section will introduce the strong-coupling limit and con nemert is
shown by calculating Wilson loop expectation values. For this the strong-coupling
expansionis used.

4 Wilson Loops and the Strong-coupling Expansion
Strong Interaction

The strong force describesthe interaction betweencolour chargedparticles asthe

guarks and gluons. The basicidea of this interaction is illustrated consideringa

two particle example.

Two static particles with colour charge (chargeand arnticharge) are separatedby

a distanceR. The interaction takesplacetrough the exchangeof gluons. Because
of the sel nteraction of the gluons,they are squeezednto a °ux tube along the

connectingline. This exchange builds a colour °ux betweenthe two patrticles,

located in the so called colour °ux tube.

Figure 38: Interaction of colour charged particles and the °ux tube

From a "classical point of view", imagine to insert a colour charged sample
particle. This chargedoesnot feelthe potertial of the two static chargesoutside
the °ux tube. That means,that the interaction is concenrated into the °ux tube
, and the tube is thin comparedto its length.

This examplecan now be related to Wilson loops. The straight spatial connec-
tion betweenthe two static chargescan be iderti ed asa part of a rectangular
Wilson loop. The whole rectangular Wilson loop is then interpreted as
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2 "initial state"at ¢ = 0: twoparticlescreated: qgatx = Oandgatx = R
2 the state of this two particles ewlvesduring time T (imaginary)

2 "nal state"at ¢ = T: two particles are annihilated: qgatx = 0and§
atx=R

(0; T)e e (R;T)
T \% A
(0;0)e ¢ (R;0)
O

Figure 39: A rectangular Wilsoon loop and the interpretation of two particles
being createdand annihilated

Euclidean quantum medanicstells us, if T is large enough,only the ground
state of the systemremains. This ground state is calledthe static potertial V (R).
To introduce the notion of the static potential, which is neededto make state-
merts about con nemert and the Wilson loops, a Hamiltonian formulation is
considered.

Supposethe Hilbert spaceand its Hamiltonian of this system. The Hilbert space
is spannedby an orthonormal eigerbasis2 (M(R). Let Eq < E; < ::: bethe
energyeigervaluesand E, the ground state energy(static potential).

The time ewlution of sucd an eigenstategives

H (”)(R)jija (”)(R)i = ¢ En(R)T’
where T is the transfer operator ¥ =~ *_ j2 M(R)ie En(Mp (M(R)j.

An arbitrary state ©(R) is a linear combination of the eigenstates:

X
jOR)i = I M(R)OR)ij2 M(R)i.
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The time ewlution of this state gives

X X
R)TTIOR)i = jhoR)R M(R)ij2e BRT = g g ERIT,
n n

For largetime T onecan write

HOR)jTTIOR)I » coe ERT = ¢, e TVR), (136)
Tl

The two particles examplein this Hamiltonian formulation canbe interpreted
as:

2 static chargeand static anticharge

2 createdat Euclideantime ¢ = 0, forming a state ©

2 annihilated at time ¢, = T.

This processcan be expressedas a Wilson loop W(R £ T), therefore

hoR)jTTiO(R)i = W(RE T). (137)
With (136) and (137) one nds a relation for the static potential:

.1
V(R) = j TI![n ?In W(RET)

Area Law

In the last subsectionit has beenshown that the following relation holds for
rectangular Wilson loops

WRET) » C e V(R
One can numerically obsene, that V(R) grows linearly for large R.

V(R) » ®R
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Figure 40: The static potential

The behaviour of the static potential V(R) will be computedin the strong-
coupling limit, which implies a constart force.

The constanceof the force meansthat in nitely much energyis neededto
separatetwo colour chargedparticles, No single quarks can exist.

This is what is called con nemen t andit is equivalert to the fact that large
Wilson loops obey the Area law.

WRET) » C g ®RT

WRET) » Cé VRIT

Strong-coupling Expansion

To shaw con nemert in the lattice gaugetheory a way hasto befoundto calculate
Wilson expectation values. Standard pertubartive approades are not possible
since, the natural expansionparameter, the coupling constart g, is not small.
The solution is the restriction to the regime of large g. This regime s called
the strong-couplinglimit. In the strong-couplinglimit it is possibleto calculate
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Wilson expectation valuesanalytically usingthe strong-couplingexpansion.

For analytic calculationsthe strong-couplinglimit is neededto achieve results.
But for numerical calculationsewery s possiblefor a simulation.

The strong-coupling expansionis an expansionin powers of giz which can be
interpreted as an expansionin —, asseenin the naive cortinuum limit.

The procedureis asfollows:

2 expandexponertial function in powersof in the expectation value
Z

i = &

- | ~S[U]
> due o)

Z = Z( ) alsois expanded.

2 Con nemert is calculatedin leading order.

In the next part the mathematical derivation of Wilson expectation values
using strong coupling expansionis presened. After the analytic calculation a
graphical method to simplify the calculation of larger loopsis introduced.

Plaquette Exp ectation Value

The Wilson action on the lattice is usedfor calculations

X 1 s X
Siart [U] = i g Re(tr (U(@))) =i
p p

S Reftr (U(@).

This can be rewritten as
1X 1 1
SwlU]=3  QUU@+U@)=;

* @)+ Lruve)
N N '

The partition function in this lattice gaugetheory is de ned by

Zy
z() = dU. (x) & S,

X;t

As preparation for calculationsin SU(N), the integration rules have to be
considered.The following idertities can be found and will be used:
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Z
dg= 1 (138)
Z
dg g = 0 (139)
Z
dgg =0 (140)
Z
dggj ga = 0 (141)
Z
dggl g =0 (142)
z 1
dgg o = N 3k (143)
Z
1
dU: (x) [U: O [ W) = - B 20 1 Fe (144)

Formula (138) comesfrom the de nition of the Haar measure.For the integration
of link matrices U. (x) 2 SU(N) the identity (144) is important. This formula
is analogousto equation (143) but with respect to the lattice site () and the
direction of the link (o ).

An important quartity on the lattice is the averageof a Wilson loop C which
is de ned by
é 1 A Zy
W(C):= —tr(uU(C =
€= JUuE) =55

-

du: (x) € _S[U]%tr (U(C)).

N

X;t

The simplest Wilson loop averageis the so called plaquette averageof the
plaquette p. The boundary of the plaquette p, which is builded by a set of four
links, is denotedas @.

; A
w@ - tru@) <L " awme Weue)
- N z0) o, N

In order to ewaluate this average,the exponertial of the action is expanded.
For the plaquette averageonly rst order terms are required.

X

o Sl 41
2 0
P

%tr U@9) + %tr (uY@9 + o(?) (145)
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The rst stepis to calculatethe normalisation factor. For the exponertial of
the action, only the rst order terms of the expansion(145) are used.

Zy )
Z() = du: (x) & SV
z o " #
= Y du. (x) 1+ -1 itr(U(@JC))+ itr(Uy(@ﬂ)
' 2 , N N
Zy Zy 11X 1 1
= dU: (x) ¢1+ du:(x) "5 U@ + i (V@)
|_1 - ;j['z t (138}) N "
[ X
=1+ o du: (x)  tr(U(@J) + tr (U(@))
Xt p°
x Zy Zy ’
=1+ dU: (x) tr (U(@") + dU: (x) tr (UY(@Y)
. x;1 x;t
=1+ o dU: (x) U@ + du: (x) WY@
po 2 ;1 i x;t i 3
=1+ o | dUs: (x) [U(@"];i + | du: (x) (U@
pO [ | Xt g } ! | Xt g }

At this point the identities for integration over link matrices in SU(N) ((139),
(140)) were used,sinceU(@Q 2 SU(N).
It follows

z() = 1. (146)

This result is usedto calculatethe Wilson plaquette average. In this example, it
is su+cient to expande’ SV to Trst order.

1 4y a1
W(@) = 70) dUs (x) € S“”ﬁtr(U(@)))
Z X;l n #
oY _1X 1 1
= dl: (x) 1+ 3 Wtr(U(@ﬁHWtr(Uy(@%) < r(U(@))

x;1 po N



Dynamical mean- eld theory 85

Zy - Zy X #
= du: () + 55 du:(x)  tr(U@9) + tr (V@9 ¢
x;t x;t po
¢t (U(@)
Z
1°Y
=3 du. (x) tr (U(@))+
x;t 7 n H#
Y X 1
N du. (x) tr (U(@) + tr (U'(@)) N r(@)
(X Zy i
N du: (x) [U(@)]ii +
Q) )
=0 according to equation (]39) #
- Y X 1
* 5N du. (x) tr (U(@9) + tr (U(@)) N V(@)
_Zy " i
= N2 du:(x)  tr(U(@)) tr (U(@)) + tr (V@) tr (U(@))
x;t ol

The phasefactor of the obsened plaquette p is de ned by:
U@ = U (Y)U y + aM)U: (y + al + a®iU. (y + aM + a2+ al)

wherel + 2+ ™ + & = (),

Uy+ar+an

y+ah+at+at ¢ oy + al+ an
U(y+ar+at+an) Uy+anh)
y o oy + ah
Ui (y)

Figure 41: The links which form the boundary of the plaguette
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Applying this leadsto

W@ =55 AU U@ U ()UALy + ar)e
Xt p°

CU: (y + al + ailUs (y + al + a%+ al)] + tr [UY(@D)]¢

¢tr (U, (Y)U y + aM)U: (y + al* + a3 (y + al + a%%+ abl')] .
(147)

The integral over a product of two link matricesis di®eren from zero, only
whenthe secondink is the oppositedirection of the rst. Analogouslythis is true
for a plaquette. Therefore, only the plaquette @° with the opposite orientation
of @ givesa cortribution to the Wilson average. This cancelsout the rst term
in the sumover all @°in (147).

For the Wilson averageof the plaquette @
_ Z Y )
W(@®) = Nz B U (x)¢
¢tr [UY(@O)] tr [Us (Y)Uy{y + al)U: (y + al + aBUs (y + al + a%+ ab)].

The de nition of tr [UY(@)] for the opposite direction of the plaquette @ is
inserted:

_Zy
W(@®) = =—— du: (x)¢
ZEI2 o
tr [US(y + alt + a%+ a)UY(y + al + aYU)(y + ar)UY(y)]¢
i

¢tr (U (Y)Uy + aM)U: (y + al + a®iU. (y + al + a¥2+ al)] .
(148)

In order to simplify this, an index-sensitive formulation for the trace hasto
be found.
Let A= (g;), B =(b), C=(c), D= (dj) ben£ n-matrices. The matrix
multiplication is de ned by

X
(A¢B); = ai b .
K

Using this, larger products can be written as
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A !

Ak bm Com
"AKA Lo
Aok bm qu dqp

((A ¢B) ¢C)y,

(((A¢B) ¢C) ¢D)op
X' x "x -
= Aok ben Cnq dqp-

q n k

Applying this to the trace gives

X X X X

tr (A ¢B ¢C ¢D) Aok Ben Cng dgp

P X X
= aokhmcnqdqo

)(% [o} n k
Aok bm qu dqo-
o;g;n;k

By inserting into (148),

_Zy
W@ = 55 du: (x) ¢
A x
¢ [U(y + al + a%+ al)]e [U(y + alt + a®]—-[U)(y + aM)]-«[U/ (V)]0 ¢

.0 .

X;t
!

"+

¢ [U (N]ablUAY + a)]oc[U: (y + @ + a3 ca[Ue (y + @ + a%2+ al)]ua
Sp— du: (x)¢

¢ [U(y + ar + a%2+ al)]e [UY(y + alt + a®]-- [U)[y + al)]-.¢
®; ;%% ajb;c;d
¢[U!y(Y)]i<%[U! (M]ao[UAy + al)]odUs: (y + a* + aRcg[Ue (y + al* + a¥2+ al)]aa
- Y X X
= oN2 dU: (x) [Ur (V)]an[U? (V)]s [UALY + a)]oUN(y + al)]-»¢
x;t ®; ;°;x ab;cid
C[U: (y + al + a%ca[UY(y + al* + a%j] - ¢
¢[Ue (y + al + a%+ al)]ga[Ud(y + al + a¥2+ al)]e-
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- Z Y X X .7
= N2 L, dU(x) ¢ dUy (y) [Ur (V)]aoUY (¥)]:0¢
I {z } @7 abied

=1 according to (138)

Z
¢ dUfy+ al) [Ufy + al)]oU)y + al)]-.¢

Z

¢ dU.(y+ art+ a®[U (y+ aM+ aP)[UY(y + ar + aBy]-- ¢
Z

¢ dU.(y+ aM+ a%+ al) [U.(y + aM + a%2+ al)]ga.¢

o]
U (y + al + a¥%e+ a)]e

(144);(138) 1¢X X 1+i'bli'b+ 1 . 1. .
- N 2 Ny A®-bt 7 “h+c° G <°d G d —=a®
2N ®; ;%% ab;cid N N N N
-1,
B YEAE (149)
B

In (149) the combinatorics of 4 elemerts with N possibilities has beenused.
The result for SU(2) di®ersby a factor of 2. This is dueto the equivalenceof the
2 orientations of the plaquette: Both terms in (147) cortribute equally:

for N 6 2

W = ZN—Z’
(@) a forN = 2

Rectangular Wilson Loops

The next stepis to nd an expressionfor the Wilson averageof a rectangular
loop. In orderto nd a generalformula for a rectangular loop of the dimension
R ¢T (in units of the squaredlattice spacing,a?), an exampleis calculated. The
easiestcaseisR = 1and T = 2. The rst order terms of the expansion(145) do
not suxce anymore. This Wilson loop cortains the product of 6 link matrices.
This meansthat a singleplaquette, which cortains 4 links, is not enoughto have
ewvery link encourtered twice, oncein ewery direction. The lowest order of the
expansion,which gives more than 6 links, is the secondorder. The lower order
terms vanish after integration.

The normalisation changes,sincethe secondorder expansionof the exponertial

contains the product of two plaquettes. This meansthat there is a cortribution

in Z( ) of the plaquettesin the sum. The cortribution of this integrals can be
compensatedby usinghigherorder terms of the expansionof the numerator. This
terms from the numerator cancelthe additional cortribution of the normalisation
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factor. That method works for every order.

Zy " _1X 1
dl (x) 1+ 5 Sr(U(@) + —tr(Uy(@))+

=1 as seenin (1432

W(1¢2) =

!
—2

1X 1 1
Yo 3 ) U@+ Sru@) ¢
| #

X
65 NTU@D @) [ ruae)
7 > A !
oY 1 _1X 1
= dU() SrUEe)+ o S (U@) o tr(ULe)+

| P {z }
A A =0 when integrated I
2 11X 1
o NTU@)+ SrU@) ¢
A x P’ I 4
¢ 5 NTU@Y (U@ crUae)
, " A |
Y -2 X

AU () o o U@+ (@) ¢
! #

X;t ~ po
1 X 0 0 1
¢ — tr(U@%) + tr (V@) ¢Wtr(U(1¢2))

A
2N 00
_ 2 1 1 1£Y X X £ y ¢
LTI dU: (x) . tr (U(@Y) + tr (UY(@9) ¢
¢ tr &U(@)OS) + tr (UV(@OS) ¢tr (Ul ¢2))
— 1 X X 0
= ST dU: (x) tr (U(@9) tr (U(@")+
X'1 pO pOO

+ tr (U(@Y) tr (W(@")) + tr (UY(@Y) tr U@+
+ tr (UY(@9Y) tr (UY(@) ¢tr (UL ¢2)) .

Only terms with tr (UY)tr (UY) give a nonvanishing cortribution, sinceonly they
contain all the links from tr (U(1 ¢2)) but with opposite orientation. In caseof
SU(2) the two orientations areequivalert. Soevery term tr (U# :(@Q) tr (U* 2(@0Y)
gives a cortribution to the calculation, regardlessof # 1, = 1 or#1, = y. In
generalthis is a factor of 2RT. In the sumthere are only two plaquettes @; and
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@,. This reducesthe formula to

— Zy X X
W(1¢2) = EZZN% ) du: (x) o tr (UY(@9) tr (UY(@9) ¢tr (U(1 ¢2)).
—~ 4, Z ¥ e

£
= S ENTT du: (x) tr (UY(@)) tr (UY(@1))+

+ 1 (U(@)) tr (U(@2)) + tr (UY(@)) tr (VY (@1))+
+1r (UY(@)) tr (UY(@)) ¢tr (U(1 ¢2))
The terms with two times the sameplaquette give no cortribution, sincethey

don't cortain all the links from the consideredWilson loop. To calculate explic-
itly the link matricesare insertedasde ned in gure 42.

Us Uy

Ul UZ

Figure 42: The 1£ 2 Wilson loop

~ 4, Zy h
T dU. (x) tr (UYUYUUY) tr (U;UYUSUY)+

X;

W(L¢2) =

|
+tr (U;UYUSUY) tr (UJUZUYLY)  6tr (UyU,UsU,UsUs)
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— Z
2 1 4V X X
= srmner U0 wEURUE o ooy
' #

+ X U7ef szgugghughe X Ué/abuglch%/chi/da ¢

e')f(;g;h a;b;c;d
¢ UruisuUStul udv uge

X; a;b;c;d ef;gh

q;r;siu;v
-2 4 Y X X X
) h Xt abicid e;f;g;h grisituv i
¢ Ug/abU%IbCU%/ch])-/daU?f sz gU%/gh U%/heufr UESU?UF U5uv qu
- 4 ‘v X X X
’ h X;1 ajb;cid ef;g;h qrisituv i
¢ Ufr Ui/dauzrsuglheugtugghuiu UXf gugv U%/bcugqugabu;-zf U%/cd
- 4 Zy X X X
= = dU. (x) 2! ¢
2N| 2+1
21 22N * x;1 a;b;c;d e;f;g:h qris;tuv
1 1 1 1 1 1 1

¢W iqa"—'rd N Hetsh ﬁ %hﬁg ﬁ ﬁgiuf W Huchp N ivbiqa N Rr¥on: O
Consideringall the indices of the Kroneder-ts one seesthat there are 6 indices
which can be choosen. Every index hasN di®eren values. This givesa factor of
N in the calculation.

_ Z
21 1 Y
W1Le2)= — 21— 0 L dus (x)
@y 2NN JE%}A N}
ﬂ(RRT-I;! =1
-2
" (2N?2
Ho— T2
- N2
= (W(@)*

Graphical Approac h

As seenbefore, the calculation for a Wilson expectation value of rectangular
loops can becomequite complicatedfor larger loops. With the graphical method
preserted in this subsection,it is possibleto simplify the calculation a lot.
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Figure 43: 2£ 2-Wilson loop

Let usillustrate the approad on a 2£ 2-Wilson loop. Its expectation value
is given by

Z
1 7Y s 1
W(2£2):ﬁ du: (x) € I U@RE 2)
X;t
) " #
Z
1 Y _1X 2 1
= — ) = = — y D
70 X;ldU(x) 1+ 2poNtrU(@P)+I\ItrU(@‘z>°)+ ¢
1

¢—tr U2E 2
S URE 2)

Every link in C needsto appear twice. That meansthat one hasto expand
the exponertial of the action to the order 2 ¢2, which correspndsto the areaof
the loop in therms of a.

This givesa factor of ! N * to the expectation value.
From the obsened Wilson loop, one getsa factor of Nl asa cortribution.

For ewvery link in the areaenclosedoy C, there is an integration which gives Niﬁ.

) i G tinks _ 14 G2 .
This meansa factor of &+~ " = "1 for the expectation value.

The Wilson expectation value cortains the sumover every index of the Kroneder-
Deltas from the trace. This cortribution will now be consideredin details.

Let us have a look at the top left corner of the loop ( gure 44).
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h

OC; 9]

Figure 44: Top left corner of the Wilson loop

p Orﬂ,y consideringthis lattice site, the cortribution is:
N N +.=N
a=1 ®=1 —-a® — .

The site in the middle of the area( gure 45) is more complicated. Using the
igteg,ratign ru,gs oneobtains
40 @000 —ooF +0t0gpoakgooootoe = N,

00 000
D 000

o

Figure 45: Lattice site in the middle
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In general,every site in the area, enclosedby the loop, cortributes a factor
of (N)* 5" = N°. In total, this givesfor the 2£ 2-Wilson loop expectation value:

(VR R VR [P B — T4

WEE2= oo o & NY= oo = (W(@)*

This calculation works for ewvery rectangularloop. One nds the generalfor-
mula of the Wilson expectation value of a rectangular loop with dimensionsR
and T

5 Conclusions

This result from the calculation of the expectation value shaws, that large rect-
angular Wilson loopsfollow the mertioned Area Law (seesection4).

And this means,that con nemern is achieved in the Wilson formulation of Eu-
clidean eld theory on the lattice in the strong-coupling limit. Unfortunately,
this is not the physical limit.



From strong to weak coupling by
Mon te Carlo simulations:
towards the contin uum limit

Bruno K i#ng
Supervisor: Biagio Lucini

In this cortribution 1 will discussthe problem of approading the
cortinuum limit in lattice QCD. After introducingthe formalism,
I will turn to the basicprinciples of Monte Carlo simulations and
discusstwo algorithms, Metropolis and heat bath. The technique
for renormalizing the theory will be explained and an example
of a computer calculation will be preserned to demonstratethe
matching of lattice theory and cortinuum perturbation theory.

1 Intro duction

As a part of today's standard model for particle physics,quantum chromodynam-
ics (QCD) is believed to be the theory that descrikesthe strong interaction and
the involved particles, quarks and gluons. It is a non-abkelian gaugetheory, based
on the fundamertal SU(3) color symmetry which was postulated 1965by Moo-
Young Han and Yoichiro Nambu to allow classi cation of the light hadrons. In
1973,Gross, Politzer and Wilczek proved with perturbative methods that QCD
had the property of asymptotic freedom which says that the coupling strength
approadieszerofor high energiesn a slow, logarithmic way. It is this very prop-
erty that makesperturbation theory applicable only at high energies.Howewer,
interesting low-energyfeatures, sud as hadron massesor con nemert, must be
studied with alternative techniques.

Con nemert is an interesting property of non-perturbative QCD. The fun-
damenal particles of the theory, gluons and quarks, have never been obsened
directly in experimerts. This led to the hypothesisthat they are con ned into

95
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hadrons. There is experimertal evidence(basede.g. on the charmonium spec-
trum) that a quark and an antiquark are bound by a potertial that riseslinearly
with their separation. The proportionality constan is called string tension A
potential that riseslinearly with the distance betweenthe two particles means
that to separatethem an in nite amourt of energywould be required. Con ne-
mert is then a natural consequencef this binding potential. A challengefor the
theorists is to derivate this potertial from the QCD Lagrangian.

In 1974,Kenneth Wilson [34] elaborated a way to regularizethe eld theory
by formulating it on a discrete space-timelattice. This allowed certain analytic
calculations in the limit of strong coupling, namely of the g& potential which
turns out to have the descriked linear characteristics(this is a lattice artifact and
also exhibited by lattice QED). But in order to extract cortinuum physics, one
hasto leave the strong coupling regime.

To investigatethe region betweenstrong-couplingand weak-couping(pertur-
bation theory), computer simulations are an interesting option. The computa-
tional sectorof lattice QCD wasborn in 1980whenMichael Creutz [35 published
his work on SU(2) gaugetheory, a study of the quark-artiquark potential based
on Monte Carlo methods. This paper will be a main referencefor this article.

My cortribution is organizedasfollows. First, | will brie°y recallhow SU(N)
gaugetheoriesare formulated on a lattice and how the lattice formulation canbe
usedfor analytical calculationsin the strong coupling regime (the readerinter-
estedin those subjects is referredto the cortribution by R. Halg in this book).
Then, | will describe Monte Carlo methods in generaland in the particular case
of SU(2) lattice gaugetheory. Next, | will move to the problem of relating the
lattice and the cortinuum formulations. Finally, | will analyze how cortinuum
physicscan be extracted from Monte Carlo simulations of the discretetheory by
looking at the string tensionin SU(2) gaugetheory.

2 Gauge Field on the Lattice
Formalism

As shovn by Wilson, con nemert can be studied in the quenchd approximation
(i.e. neglectingthe dynamics of the quark elds). The pure glue theory can be
formulated on a four-dimensionalspace-timelattice with lattice spacinga. The
sitesareindicated with a vector of integersn. The gauge eld on the lattice takes
the form of SU(N ) matriceslocatedbetweenthe lattice sites. Thoseare calledthe
‘link variables', Uy, 2 SUN) where! = 1;2;3;4 xes the direction. We de ne
the “plaquette variable' U(p) asthe orderedproduct of four link variablesaround
an elemenary squareof the lattice (called a "plaquette’'p” (n;%; °) " o):

U(p) := U Unsno UY, 0z Ul (150)
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The trace of this matrix is gaugeinvariant. This is usedto build the Wilson
action X
_ 1
Sw = [1] WReTrU(p)]: (151)
p
The factor  is determined by the requiremen that this expressionreducesto
the Yang-Mills action in the "naive' cortinuum limit wherewe just let a! O.

One nds N
= g; (152)
where gy is the dimensionlesdare coupling constart.
The vacuum expectation value of an obsenable £, which in the continuum

takesthe form of a functional integral, is expressedn terms of the group measures

dU,: at ead link, Zy
.1 .
hEi = > dU.. £[U]e SwVl: (153)
[z}
DU
with the normalization factor (partition function)
z
Z= DUe Sv: (154)
Wilson Loop

The obsenable assaiated with the static g potential is known as the Wilson
loop. In lattice formulation, it is the trace of a product of link variables,ordered
around a closedcurve C. %

W(C =Tr Up: : (155)

(ni+)2c
Note that if the path passeghrough the link (n;1) in direction j  then (n +
%, i 1) 2 C henceat this placeUy.»;: = U}, appearsin the product.
It can be shown that for a rectangularloop of extert R T for largetimes T

W (Q)i » e TV(R; (156)

whereV (R) is the energyof a static quark-artiquark pair, separatedby a distance
R. V(R) canthereforebe extracted directly from the Wilson loop,

VR)= i fim %Inh\N(C)i: (157)

The idea behind (156) is as follows: Considerthe two-quark state

i® xyti = 2 Q0 )UKkt )2 D(yt) joi; (158)
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where Z,
U(x;y) = Popexpige  A¥(2)Tydz' (159)

X
is a parallel transprter which ensuresgaugeinvariance. We take the limit of
in nite quark masses. We therefore expect that for large Euclidean times the
propagation amplitude of this state beharesas

MeR k¥ 0@ ki 1T » (% X9y i ¥)Carw (% )€ EPT;  (160)

whereR = jxj ¥y and E(R) is the ground state energy(amongall eigenstatesof
the Hamiltonian having a nonzerooverlap with (158), that is). Now onecan use
the path integral form of (160) to derive (156). For the completecalculation see
e.g.[36].

3 Calculations on the Lattice
Strong Coupling Appro ximation

In orderto do analytic calculationson the lattice we have to further simplify the

expressionappearingunder the path integral (153). One possibility is to assume
the parameter to be small (accordingto (152) this meanslarge gp) sincein this

casethe exponertial of Sy, can be expanded. Explicitly, the partition function

in this strong coupling approximation is given by

hx — i Z h —x
Z= DUexp WReTrU(p) = DU 1+ N ReTrU(p) +
p , p .
1° ~ |
+ SN (ReTrU(p)(Re TrU(pY) + ¢¢¢ : (161)
p;p°

The integration of matrix elemerns over the whole group obeys certain rules,
namely Z Z

du=1; duuy; =0 (162)

whereasthe integral over products of two matrix elemertis may not vanish. If
we apply this to (161), we can seethat terms including 1,2,3,40r 5 plaquettes
are integrated to zerobecausethe surfacetheseplaquettesrepresen necessarily
has a boundary. At this boundary, one integratesover the trace of a single link
variable. The terms with 6 plaquettesinclude "elememary cubes'and cortribute
to the secondnon-vanishingterm, sowe have Z = 1+ O("®).

The most prominent exampleof a calculation in strong coupling, the Wilson
loop, was rst carried out by Wilson himself. The integral expressionn expanded
form reads
Z h  -x i

DU Tr(U(Q) 1+ N ReTrU(p) + ¢¢C : (163)

P

hW (Q)i = %
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Again, the integration only yields nonzeroresultsif any link variable either does
not appear or appearsin the form Tr(Un. )Tr(UY% ). This is only the caseif the
Wilson loop product is ertirely eliminated by the plaquettesin the expansion.
The term that performsthis task most economically(i.e. with the smallestpower
of ) consistsof the plaquettesthat make up the minimal surface enclosedby
the loop. In caseof a rectangular loop of dimensionR T =: N, the expectation
value is therefore, to leading order, proportional to ~N= . For SU(N), indeedwe
have .

W (C)i Yaeln av)Na = g KRT. (164)

where R and T are in physical units. If we extract the potential we seethat
lattice gaugetheory is con ning at strong coupling with string tensionK . (K is
positive because ¢ 2N.)

Mon te Carlo Metho ds

Beyond the strong couplingregion,analytic calculationis no more possibleand we
have to fall badk upon numerical methods. Howewer, ordinary Gaussianquadra-
ture is not the proper method becauseof the high dimensionality of integration
spacewhich is typically of order 1C°.

The integral (153) has the form of an expectation value of a function £ U]
whoseargumert is distributed accordingto Zi el SVl |nstead of calculating
this integral we can equally well simulate the correspnding stochastic process.
We have to produce a random set of m adequately distributed variables and
compute the meanvalue

1 X
HOjAjOI Ya =~ £[U]; (165)

i=1

where a statistical uncertainty of mi 12 is to be expected. This is the idea of
Monte Carlo technigues. The e®ectivenesf this approad in caseof lattice eld
theory builds on the fact that the probability densitiesare exponertial and thus
strongly damping: Most of the eld con gurations have a weight factor that is
practically vanishing. A Monte Carlo algorithm allows to concertrate on the
important con gurations, i.e. thosewith actions near the minimum.

Mark ov Chains Monte Carlo algorithms are constructed using the theory of
Markov chains. Considerany set f Cg which is either discrete or has a measure
g,l (C). 1 will denoteboth the summation and the integration over the set with

c- A Markov processis de ned by a transition probability P(C ! C9 for
going from C to C° It hasto be normalized,

P(C! C9%= 1forall C: (166)
CO
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when starting from an initial point C;. Under certain conditionson P(C ! C9
it can be shavn that in the limit m! 1 the con gurations in this family will
be distributed accordingto a unique probability density P.o(C) which is a xed
point of the transition matrix:

X
Pei(C) = Peg(CIP(C®! O): (167)

CO

The following caseis important for us: Supposewe want a Markov processto
produce a certain distribution which we write in exponertial form

Peq(C) = N 1l S(9); (168)

(N is the normalization constart = .e S(°7.) Then it is suzcient that P satis-
“es detailed balance,

eS@pct cY=¢e Pt C): (169)

This caneasilybe showvn by inserting (168) into the RHS of (167) and then using
(169) and (166). The remaining arbitrariness on P(C ! C9 can be usedto
de ne di®eren algorithms.

Metrop olis Algorithm Considerthe following updating procedure:
1. Choosea trial con guration C°randomly from the whole set.

2. If its action is smallerthan that of the old con guration C, acceptit. If its
action is larger, acceptit with probability ei S(¢)=g S(©).

In short, i ¢
P(C! CY=Nilmin 1;e5®isCI (170)

This algorithm satis es detailed balance. Howeer, in practice it is not possible
to choosea new con guration totally randomly, and/or it is not suitable to do
so. The reasonis that large changesin C imply large changesin the action,
so the acceptancerate for con gurations with increasedaction gets very small.
Therefore more iteration are required to read equilibrium, the algorithm tends
to get locked on a con guration with low action.

Instead one performs updates in a single link variable. This processis de-
scribed by a probability Po(C ! C9, which hasto be multiplied with (170), for
proposinga new con guration C°% But aslong asit is reversible,

Po(C! C9 = Py(C°! C); (171)

it conseresthe detailed balancerelation for this so-calledMetropolis algorithm.
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Heat Bath Algorithm  The fastest corvergenceof an algorithm would of
coursebe realizedif the transition probability already equaledthe equilibrium

distribution,
P(C! C9% = Pey(CH: (172)

Again, in practice this can only be implemerted locally by changing one link
variable at atime. One may seethis procedureas bringing the link in cortact to
a heatbath' in analogyto thermodynamics,thereforethe nameof this algorithm.
We denotethe variable we are working on with C, and the remaining oneswith
C«. In this notation, the full transition probability reads

Pea(Cx; CO) if €0 = Cy;

P(C,;C,! c%C9/
(G Cx O otherwise.

(173)

It satis esdetailed balance.
The reasonwhy this algorithm can be usedonly in a few casesis that the
integral of the equilibrium distribution hasto be known,

Peq(Cx; Cx)dCy = dE : (174)

The update con guration can then be obtained via C? = Eicxl(r) wherer is a
random number between0 and 1. On the subsetswhereE. is constart (those
necessarilyexist if the variables C, have dimension> 1), C? is to be generated
with uniform distribution in a secondalgorithm.

For a more thorough discussionof thesesubjects see[36] and [31].

SU(2) Heat Bath In caseof SU(2) gaugetheory the relation (174) is known.
This is due to the fact that there exists a simple parameterization

U= ayl+ iat¥ (175)
where34are the Pauli matricesand a. satis es
as+a’=1 (176)

Becausdhe Pauli matricesare tracelessthe exponertial of the Boltzmann factor
(151) is basically an exponertial of a; which is integrable as we will see.

As discussedefore,wereplacesinglelink variablesU. The probability density
for the new variable U%is

dP(UY / dUCxpli ~S(UY] (177)

with the action X

S(U) = | % Tr(Us): (178)

ol
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Note that the additional summandof 1 has beenomitted: this doesnot change
the expectation value. For the local change, we only needto accoun for the
cortribution to the action that comesfrom the six plaquettescorntaining the link
in question. Sud plaquettes consist of the variable U and the product of the
three remaining links which are denotedby Ug, ® = 1;:::;6. Sincetracesin
SU(2) are always real, the rotation senseof the plaquette does not matter and
we can rewrite (177) as
P
dP(U) / dUexp 5 Tr U U : (179)
®=1

A sum of an SU(2) matrix is proportional to another elemen of SU(2). We use
this to write the sum of the Uy as

Ue = kU; U2 SUQ) (180)

wherethe proportionality constart is given by

3 X6 "1
k = det U (181)
®=1

Usingthe invarianceof the group measure we canthereforefurther simplify (179)
to

dP(ubi )y / dUexp(_k:ZTrU)
= 21/3—(‘3 i 1d*aexp( kap); (182)

where also the expressionfor the group measurein the parameterization (175)
was inserted. The matrix U that is produced with this distribution has then
simply to be multiplied by Ui ! from the right to get the updated link variable.
The delta function in (182) can be integrated:

dP(UUIY) / Ha?+ a2 1)dad- jﬂjzdjaj exp(” kag)

= Ha'+afi 1)dad- j&’; d(az) exp("kao)

q
= 1=2dapyd- 1j a%exp(_kao): (183)

Theproblemis now reducedto constructinga numberag 2 [j 1;+1] with weigh-
ing 1 ajexp( kag) and to choosingthe direction of a on the 2-sphereran-
domly. Both tasks can be solved using standard procedures.

An SU(N) Heath Bath algorithm exists that exploits the decomppsition of
the gaugegroup into (redundart) SU(2) subgroups[37].
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4 Contin uum Limit

Analyzing againthe outcomeof the calculation at strong coupling (sec.3), we are
led to the conclusionthat it is unphysical. W (C)i only dependson the size of
the Wilson loop in lattice units (i.e. the number of plaquettes), not on the lattice
spacinga. The physical string tensionK , with dimension[ai 2] in natural units,
must be written as TR |

K= gln (184)

2N
That is, if we computethe potential of a quark and antiquark in strong coupling,
the result dependson how ne we divide the distance betweenthem. In fact,
asa! 0, the potertial divergeslike ai 2 instead of corverging to its physical
value. The subject of this sectionwill be to dewelop the correct procedure for
approading the cortinuum limit using renormalization methods.

Renormalization

Instead of the string tension we will rst considera more basic obsenable, the
correlationlength ». It is determinedby the exponertial decay of eld correlation
functions, e.g. plaquette-plaquette products. Its inverseis the mass(in natural
units) of the lightest state above the vacuum.

As an outcomeof the lattice theory, » dependson gy and a, but sincea is the
only dimensionalvariable, it can be separatedin the following way:

1 1

" Noa) a>’>\(go): (185)

The left hand sidehasa physical meaningand thereforethe right hand sidemust
approad a nite value for a! 0. This meansthat the correlation length in
lattice units » hasto goto innit y. Consequetly, we have to give up the image
of gp asa coupling ‘constart’ and rather seeit asdependingon the lattice spacing,
G~ o(a). As acondition, there must exist a so-calledcritical point g5 at which
the lattice correlation length diverges,

Ng) i! 1 (186)
do! gy

(For SU(N) lattice gaugetheory g; = 0.) In this caseit is possibleto choosea
function go(a), lima o G(a) = g5, sud that

»go(a)) » asal! O (187)

m-a
In fact, we de ne gy in suc a way that the above relation holds exactly in a
neighborhood of a = 0. That is, we adjust the bare parameterto keepthe » that
was calculated using a cuto®a xed at a certain value. This value, here 1=m°®,
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cannot be determinedfrom theory alone. It is a scalethat is set by the physics
(‘dimensionaltransmutation’).

The sameline of reasoningappliesto any obsenable £ with massdimension
dg, and supposedly this producesdi®eren forms of go(a). Howewer, since we
expect the ratio £( go; @)m(go; a)' % to approad its physical value,

id = Ep% +0(m™2a%) (a! 0); (188)
m©e m_
phys
(order 1 correctionsvanish, see[38]) this doesnot in°uence the asymptotic be-
havior of go(a). More precisely: If go(a) wasfound by studying a massin its limit
behavior, it alsoensuresthe niteness of £ for small a:

£ o :
E(gp(a);a) = —E2+ 0(m™a?) m* (g(a);a)
phys
£ h o ’
= e omal) mi,
phys
= £ pnys + O(M™22%): (189)

Renormalization Group Equation

Callan-Symanzik Function  Now wewill turn to the static g potential V (R; go; @)
introducedin sec.2 and useit to nd the aforedescrited functional dependence.
To ensurea nite limit, we require V to be independert of a in a neighborhood

of a= 0, henceit must satisfy the following renormalization group equation

2.l V(Rigyia) = agi ‘LAT(go)@? VR wa20  (190)
where @
AT () = i a@ (191)

is the Callan-Symanzikfunction. If we knew an expressionfor V at leastwhena
and go are small, we could solve for | a1. In fact, this expressioncan be found
in perturbation theory: one can expandthe cortinuum Wilson loop in powers of
the coupling constart in presenceof a cuto®a. This calculation yields

,, 1IN

C
VR ®ia) = pp %% o0z

Giin > + O(@) ; (192)
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where C is a group theoretical factor. If we insert this into the renormalization
group equation, we nd

1.
CaT(%) = a@ug -
@ @
= a i %if)'ggéai !
2g0 + g}%ggm R+ 0(x)) q
_ . 1IN - 1IN 5 ~ 4
= iagp%® 1 1mp%Ing T OW)
1IN
1 . 3.
a —48%90' (193)
Now we can integrate (191) to obtain the relation betweeng, and a:
1IN 5 dg _ . dg
'482%7 1 %da T 'ding
) n(agar) = 48/% 11
= A E TV Zu @ ;
1 24y%
=) alg) = P i ; (194)

ex —
AN 1IN g%

whereao o1 Is a dimensionfullintegration constar, the lattice lamlda parameter.

Asymptotic Freedom The result (193) hasgreat physical importance. It can
explain the property of asymptotic freedom, meaningthat quarksbehave like free
particles at a low distance/high momertum scale.

Let us look again at the potential found in perturbation theory (192). If we
take into accoun gy(a), it is independern of the cuto®to leading order. We use
this to locally de ne a physical coupling constart gr: Choosea length sale d
and impose

.t CoR.
This meansthe relation betweeng, and gr is given by
1IN d
2 _ 2 41 2
gk = O+ 241@goln a+ ¢ee (196)
and
1IN d
2 2 . 4 .
% = Ori ng In 5+ ¢ece: (197)

If we insert the rst of thesetwo equationsbadk into the potertial expressedn
0o and a, we obtain

C
4R

1IN

VIR) = Y.

2
Or t+

R .
$m5+ow@: (198)
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This form is analogousto (192), but all direct dependenceon a has disappeared
into higher orders. So, this can be viewed as the physical version of (192). We
have, though, to keepin mind that it is only valid for R ¥ d and if we want to
changethe length scaled we must rede ne gz (running coupling).

The dependenceof gz on d is not unknown. We can give a dimensional
argumert that strongly relatesit to the dependenceof gy on a. First, de ne a
Callan-Symanzikfunction for the renormalizedcharge:

(@) = | d o) (199)
Now we make a simultaneousscaletransformationa! ,a,d! .d underwhich
a- a—@: d—@: (200)

@ .=1 @ @
Thereforewe have

i r(OR) = % = %% =i %_LAT(QO)i (201)
Inserting expressiong196), (197) and (193), we nd

— 1IN
(@)= 1 gogO(@ = i 336+ O (202

The renormalizedcharge therefore satis es the samedi®eretial equation asthe
bare charge (with d $ a) to leading (and also, which was not proven here, next
to leading) order. In particular, the coexcient in front of g3 is negative which is
opposite to abelian U(1) gaugetheory. This means,oncegr is small enoughso
higher order terms can be neglected,it tendsto zerofor (j Ind)! 1 ord! O.
This is the prediction of asymptotic freedom,

Contin uum Extrap olation

Asymptotic  Scaling Now we will discusshow the relation (194) makes it
possibleto extrapolate cortinuum physics from computer simulations. When
calculating the value of an obsenable £ on the lattice, we only determine this
quartity in lattice units as a function of the bare coupling (we will use again
~ = 2Ngj ?; confusionwith ~ a7 hasto be avoided):

£(7) = a%£(";a): (203)

We canassumehat nearthe cortinuum £ onthe RHS becomesndepender of
and a (e.g.it is xed at its physical value). Therefore,inserting the measurea( )
which we know from (194), we nd that the behavior of £, for ~ large enough,
is given by
y2-
£(7) = nidg e % T (204)

A number that exhibits sud a behavior is said to shov asymptotic saling.
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Scaling A dimensionlessratio of di®eren lattice obsenableswill evertually
stabilize for some . The two obsenablesare then said to sale. Clearly this is
the caseif they both scaleasymptotically becausethen the exponertials cancel
out. The reverseargumert is not true, and typically scalingsetsin much sconer
than asymptotic scaling.

When the ratio is seenasdependingdirectly on a and not on , scalingmeans
that it approadiesa value distinct from zero with corrections(so-calledscaling
violations) typically of order a?>. Thesecorrectionscan then be extrapolated to
zeroto obtain a better estimate for the cortinuum value.

Scaling Windo w The valuefor  from which on scalingor asymptotic scaling
(and thus cortinuum physics)is obsenedis typical for every obsenable. This is a
consequencef the requiremert that the lattice spacingmust be small compared
to the typical measureof the object we are studying, for examplethe inversemass
of a glueball (recall that larger meanssmallera). In more intuitiv e terms, we
needa resolutionthat is ne enoughto seecortinuum physics. This e®ectliesin
the nature of the lattice and cannotbe compensatedby improving computational
power.

In practice, there is also an upper bound for . Sincewe are forcedto work
ona nite lattice, increasing will leadto a point wherephysical objects become
comparableto the lattice size. The calculationswill then be dominated by nite
volume e®ects(since we usually choose periodic boundary conditions there are
no surface e®ects). This limitation can in principle be met by working with
a greater number of lattice sites. Unfortunately, the e®ectis small because
depends logarithmically on a, for examplein SU(2), doubling the number of
lattice sitesin ewery direction will only result in a gain of roughly ! — + 0:3.

The range of ~ for which both conditions are ful Tled is called the scaling
window. If it existsat all, cortinuum physicscanin principle be extracted. The
largerit is, the more accuratean extrapolation for a scalingnumber can be done.

Figure 46: Di®eren lattice sizescovering a physical quartity with xed volume.
The middle picture illustrates a situation where cortinuum physicscan be seen



108 Numerical Methods in CondensedMatter and Lattice Gauge Systems

Figure 47: The lattice string tension as a function of . In addition to the
renormalization curve, the strong coupling expansionin leading order is plotted

Asymptotic Scaling for the SU(2) String Tension

In the paper of Michael Creutz, the obsenable of interest is the string tension
K (7) = a?K, the part of the quark-artiquark potertial that grows linearly with
the distance. It is extracted from calculations of Wilson loops. Sinceon small
loops perimeter e®ectsbecomeimportant, terms proportional to the area must
be isolated with a polynomial least-squarest. Working with square Wilson
loops of sizeS = R = T (and with a xed ™), the valuesfor W (8)i are to be
approximated with parametersA, B and C in the following way:

i InhW (8)i “4A + BS+ CS% (205)

The lattice string tension K can now be identied with C. According to
Creutz, perimeter terms becomedominart for larger  and accurate determina-
tion of C(" ) will evertually be impossible.

Now we can apply the argumens about asymptotic scaling (p. 106). We
make the assumptionthat con nemert is consered in the cortinuum limit. The
guartit y thereforehasa physical value at which we can x it whenweleta! 0.
According to (204) with dg = 2 and N = 2, we expect the dimensionlesdattice
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string tensionto behave as

a

R()=a’K = oj 2 Ke 1 : (206)

Indeed, Creutz' computations showv that (206) holds for |, 2:1 wherea quite
sharptransition from the strong couplingregimeto the weakcoupling, asymptotic
regimeis obsened. The dimensionlessfactor i 2_K is read o®to be approxi-
mately equalto exp(12/4=11),
1P—
a Vo — K; 207
LAT 74 200 ( )
with an uncertainty factor of two.

This result is of great interest since it demonstratesthe onset asymptotic
freedom for the bare coupling constart using a renormalization scheme based
on con nemert. This suggestghat both properties are covered by SU(2) gauge
theory.

5 Conclusion

We have now shovn how Wilson's lattice theory is renormalizedto recover the
space-timecortinuum of the physical world. We then applied these results to
Monte Carlo simulations which allowed us to extract non-perturbative physics
from the lattice. Finally, we sav that computational results attained in this way
agreedwith perturbative results at high energies.

This proves the power of this instrument for investigating and testing the
theory of quantum chromodynamicswhich is sohard to treat analytically because
of its non-abkelian nature. An enormousprogresshasindeed beenmade over the
past 25 yearsand with steadily increasingcomputer capacity, certainly alot more
problemscan be solved.
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