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Exact Diagonalization

Sebastian Walter
Supervisor: Helm ut Katzgrab er

Exact diagonalization(ED) is a technique to calculatethe eigen-
valuesand eigenvectors of a matrix H . In physics, such an ED
problem ariseswhen the time-independent SchrÄodingerequation
is to be solved in a ¯nite-dimensional basis. With the knowledge
of the physical setup, symmetries can be exploited to simplify
computations. The goalof ED in physicsis usually the computa-
tion of an observable'sexpectation value. The generalprocedure
of the ED is introduced and illustrated by the example of the
spin-1

2 Heisenberg model.

1 In tro duction

Exact diagonalization(ED) is a numerical technique to solve an eigenvalue prob-
lem Ax = ¸x , where A is a matrix and x an eigenvector of A with the corre-
sponding eigenvalue ¸ . In physics,such diagonalizationproblemsarisewhen the
time-independent SchrÄodinger equation is to be solved in a ¯nite dimensional
Hilbertspace:

H ©n = En©n ; (1)

whereH is the time-independent Hamiltonian and ©n (resp. En ) an eigenvector
(eigenvalue) of H . In a basisfj ª i igN

i=1 of the Hilbertspace,the Hamiltonian can
be written in matrix-form

(H ij ) =

0

B
@

H11 : : : H1N
...

. . .
...

HN 1 : : : HN N

1

C
A ;

where the matrix entries are given by H ij = hª i jH jª j i . Typical systemswhere
such diagonalization problems arise are quantum lattice models. SeeSection 3
or 4 for an example.
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2 Numerical Methods in CondensedMatter and Lattice GaugeSystems

Sincethe Hamiltonian H ij must be Hermitian, diagonalizationalgorithms for
Hermitian matrices can be used. For quantum lattice problems, the Hamilton
matrix is often even symmetric. Additionally , the Hamilton matrix H ij for a
many-body systemis usually sparse,i.e., only O(N ) coe±cients are nonzerofor
H 2 GL(N £ N ). This allows the storageof largematricesin memory. Sincethe
algorithm must not destroy the sparsenessof the matrix, oneis restricted to cer-
tain algorithms. A typical algorithm that respectsthe sparsenessproperty is the
Lanczosalgorithm, which is introducedin Section2, SubsectionDiagonalization
algorithms.

Before the explicit diagonalization of the Hamiltonian, in most casessome
e®ortis madeto reducethe dimensionsof the matrix to be diagonalizedwith the
help of symmetries. This is necessary, becauseeven small physical systemscan
lead to largematrices. In an orderedsymmetrizedbasis,the Hamiltonmatrix H ij

is decomposedinto block-diagonal form, wherethe blocks H (¹ ) ; 0 · ¹ · l often
have a dimensionthat is 100 to 1000times smaller than the initial matrix, that
is, H (¹ )

ij 2 GL( N
1000 £ N

1000; C). ¹ is the index of the irreducible representation.
The procedureis introducedand motivated in Section2, SubsectionSymmetries.

Normally, the goal of ED is to calculate the expectation value hAi of an
observable A. Sincewith ED the energyspectrum can be computed,almost any
expectation valueof any observablecanbe calculated. Sometimes,only the lower
eigenvaluesare neededfor the computation of an observable'sexpectation value.
This can be performed e®ectively with the Lanczosalgorithm. The calculation
of expectation valuesis topic of Section2, SubsectionObservables.

To summarize A typical ED of an Hamiltonian H consistsof the following
steps:

1. Choosea good initial basis.

2. If possible¯nd a better basiswith the help of symmetries.

3. Numerical (or virtual) 1 representation of the Hamiltonian.

4. Using a diagonalizationalgorithm to ¯nd the eigenvaluesand eigenvectors.

5. Calculation of the observable's expectation value.

The exp onential barrier in ED simulations Above, we claimed that the
matrices can be large. To seewhat large means,the spin-1

2 Heisenberg model
with n £ n sitesshall serve us as an example.

1A virtual representation means,that the matrix elements are not calculated and saved in
memory. Instead, the Hamiltonian is represented by an implemented function in the code.
When a certain H ij is required it is calculated on the °y. This approach is usedwhen memory
is an issue.
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Figure 1: A graph of a 2-dim spin-1
2 Heisenberg model with 102 vertices,where

only next neighbor (NN) couplingsareallowed and the couplingsareequalfor all
bonds. In the graph this is expressedby the black lines that connectthe vertices.
On each vertex sits a spin that can point in any direction.

If a quantization axis is chosen,a basisstate is given as a tensorial product
of the form jª i = j "i ­ j #i ­ ¢¢¢­ j #i . Sinceall statesare well de¯ned, i.e, they
must build an orthonormal basisof the Hilbertspace,this results in 2n£ n basis
states, that meanseven a small systemof 10£ 10 sites (Figure 1) leadsto 2100

basisstates, which results approximately in 1023 GByte to store just one state,
which is even beyond the scope of todays supercomputers.

Although the computing power increaseswith Moore's law, i.e., about every
18 months the processingpower and storagecapabilities double, this results in
only onemore vertex that can be additionally simulated with ED. The fact that
onemore vertex to be simulated results in a way larger systemto solve is called
exponential barrier. This issuecan be seenin Figure 2.

Exact Diagonalization vs other metho ds Although restricted to rather
\small" systems,ED is used anyway. A reasonwhy it is used is its versatil-
it y: Almost any system can be solved and almost any expectation value of an
observable can be calculated. In particular, also models that are not accessible
by other methods, such as the frustrated Heisenberg magnets. Additionally , ED
is an \un biased" method, i.e., results are known to be correct within numerical
errors.

The disadvantageof ED is the necessaryrestriction to small systems.Because
of the restriction to small systems,new methods to solve eigenvalue problemsor
computations of observables are in focus of research. It is not always easy to
determine if a new method gives the correct answers. Therefore, ED is often
usedas benchmark for new methods: Both, the new method and ED, are used
to solve a small system. If the results agree,it is assumedthat the new method
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Figure 2: The memory footprint grows exponentially with the vertex-number N.
The name exponential barrier stems from the fact that being at the limit of a
computer, any additionally vertex results in a memory footprint exceedingthe
given resourcesby far.

will alsogive good results for large systemsthat are not accessibleby ED.

2 Concepts of the practical diagonalization pro cedure

This sectionmotivatesthe stepsthat have to be taken for an e±cient calculation
of an observable's expectation value. It is assumedthat an initial orthonormal
basisf Ái gN

i=1 is chosen,and that the Hamiltonian in that basisis savedin memory:

(H ij )N
i;j =1 =

0

B
@

H11 : : : H1N
...

. . .
...

HN 1 : : : HN N

1

C
A :

Symmetries

The idea behind the use of symmetries in ED is to ¯nd a basis in which the
Hamiltonian is in block diagonal form:

H =

0

B
B
B
@

¡
H (1)

¢
0 : : : 0

0
. . . 0

...
... 0

. . . 0
0 : : : 0

¡
H (l )

¢

1

C
C
C
A

;
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Figure 3: A 2-dimensionalBravais-Lattice where the basis of the lattice has a
complexstructure. Symmetriesthat can be seenare the translations and certain
point-group symmetries.

where H (¹ ) (¹ = 1; : : : ; l ) are block matrices. H (¹ ) belongsto the (¹ )'th irre-
duciblerepresentation. A symmetryof the Hamiltonian is expressedby [D(g); H ] =
0, i.e., the SchrÄodinger equation is form invariant under symmetry operations:

H Ái = E i Ái

Ái 7! D(g)Ái

) H D(g)Ái = E i D(g)Ái = D(g)E i Ái = D(g)H Ái

, [H; D(g)] = 0 ;

whereD(g) is the representation of the symmetry element g 2 G.
If two operatorscommute, they sharethe samesetof eigenspaces.This canbe

exploited by ¯nding an orderedbasisof the irreducible representations.2 In that
basis,the Hamiltonian is block diagonaland each block has the dimensiona(¹ ) ¢
dim[¡ (¹ ) ]. ¡ (¹ ) is the (¹ )'th irreducible representation and a(¹ ) is its multiplicit y
in the given (reducible) representation D(G). The obtained block matrices are
much smallerthan the Hamilton matrix and hencethey canbediagonalizedmuch
faster.

A possibleprocedureto ¯nd an orderedbasisof the irreducible representations
consistsof the following steps:

1. Outreduction of the reducible representation D(G) into irreducible repre-
sentations ¡ (¹ )(G).

2The expression\irreducible representation" is usedhere for the representation of the group
and for its assignedinvariant subspace.
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a(¹ ) =
1

jGj

X

g

[Â(¹ )(g)]¤Â(g) ; (2)

whereÂ (g) arethe charactersof the reduciblerepresentation D(G), Â(¹ ) the
charactersof the ¹ -th irreducible representation. The number of elements
in the group G is denoted jGj. a(¹ ) indicates how many times the ¹ -th
irreducible representation is contained in D(G).

2. Finding a(¹ ) ¢dim[¡ (¹ ) ] linearly independent symmetrized states with the
Wigner formula:

Ã(¹ ) = n(¹ )(v)
X

g

[Â(¹ )(g)]¤(D(g) : v) ; (3)

wherev is a randomly chosenvector and n(¹ )(v) is a normalization factor.
D(g) : v is the group action on the state v, e.g.: if v = Á(~x1; : : : ; ~xN ) this
could be the permutation of the coordinates~x i .

3. Since the symmetrized vectors Ã(¹ ) are not necessarilyorthogonal if the
vector v is randomly chosen,it is necessaryto orthonormalizethem. Denote
that orthonormal basisf ª i gN

i=1 .3

4. Calculation of the Hamiltonian in the gainedorthonormal basis:
H ij = hª i jH jª j i .

Sincethe orthonormalization is computationally expensive, this procedureis
not applied in practice, but a similar approach is made where at ¯rst repre-
sentants jr i of all basis vectors are registered in memory. A representant jr i
is a basis vector that de¯nes an orbit o(jr i ) := f D(g) : jr i ; g 2 Gg. Since
Ã(¹ ) = n(¹ )(v)

P
g[Â(¹ )(g)]¤(D(g) : v) is the relation to gain a symmetrizedbasis

vector, the symmetrizedbasisvector jª i i is unambiguously de¯ned by a repre-
sentant jr i . For certain symmetries, the jÃi i are orthogonal, and one retrieves
enoughsymmetrizedbasisstateswith only cycling over all orbits. The represen-
tants can be saved e±ciently in memory. It turns out that the Hamiltonian in
an orthonormal basiscan be calculatedwith only the representants registeredin
memory [1].

Building bigger symmetry-groups Typical symmetriesof quantum lattice
systemsare the space-groupsymmetry and conservation symmetries,as for ex-
ample the conservation of chargeor the conservation of total spin in z-direction.

3For certain symmetries and their representations, the symmetrized vectors are orthogonal
if the initial vector v is a basisvector.
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They have to be combined in a bigger symmetry to obtain block matrices H (¹ )

that are as small as possible.
If the representations of two symmetriescommute, the biggersymmetry group

is their direct product, and the charactersof the bigger symmetry's irreducible
representations are given by the multiplication of the initial characters: Â(¹;º ) =
Â(¹ )Â(º ) .

If the representations do not commute, it is possiblethat onesymmetry block
diagonalizesthe Hamiltonian and the other symmetry destroys the blocks again.
Therefore, for given symmetry groups G and F , it is necessaryto restrict to a
subgroupF (¹ ) of F such that [D(g); D(f (¹ ))] = 0 with f (¹ ) 2 F (¹ ) . E.g., for the
spacegroup symmetry (Figure 3) the translation group TG would be G and F (¹ )

a subgroup of the point group PG. Since TG is Abelian, its irreducible repre-
sentations are one-dimensionaland can be indexed with ~k, with ~k a reciprocal
lattice vector. For di®erent ~k, di®erent subgroupsof F are allowed.
The condition is F (~k) = f f jf (~k) = ~kg. F (~k) is called the stabilizer or the little
group of ~k. The charactersof the spacegroup are then given by Â(~k;½) = Â(~k)Â(½) ,
where ½is the index of the irreducible representations of F (~k) . Thus, a sym-
metrizedbasisstate is givenby Ã(~k;½) = n(~k;½)(v)

P
~t;f ~k 2 F ~k (Â(~k;½)(~t; h~k))¤(D(~t)D(f (~k))) :

v).
For further referenceseeRef. [2].

Example: E®ectivit y of symmetries To seethe advantagesof symmetries,
we study the 6 £ 6 square lattice Heisenberg spin-1

2 system (Figure 4). The

Figure 4: A graph characterizing the possiblespace-groupsymmetries: The 4-
fold rotation symmetry is denoted by © in the graph. Additionally , there is a
T36 spatial symmetry. The boundary conditionsare denotedby the arrows at the
edge. The edgesare glued together in such a way that the arrows on the edge
match. The topology used here is of a °at torus. A dot is a basis cell of this
Bravais-like lattice. The inner structure of such a basisis herea spin-1

2 and has
to be consideredwhen a symmetry group is sought.

Hamiltonian is given by

H = ¡ J
X

hi;j i

~Si
~Sj : (4)
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It has the symmetries SU(2), spin conservation ([S(z)
tot ; H ] = 0) and the space

group symmetry TG £ s PG, which is the semi-direct product of the TG T36

and the PG C4. Since using the complete SU(2) symmetry turns out to be
computational expensive, only a subgroupof it is considered:The spin-inversion.
Furthermore, the ground state is known to lie in S(z)

tot = 0. If the ground state
energy is wanted, one needsonly to considerthe subspacewith total S(z)

tot = 0.
Hence,with the application of symmetriesthe sizeof the block matrices H (i ) to
be diagonalizedto gain the ground state energyare approximately given by the
following reduction:

1. Full Hilbertspace: Dim = 236 ¼ 70¢109

2. Symmetry S(z)
tot = 0 : Dim = 36!

18!18! ¼ 9 ¢109

3. Symmetry spin-inversion: Dim = 1
2 ¢ 36!

18!18!

4. Space-groupsymmetry TG £ s PG : Dim ¼ 1
2 ¢ 1

36¢4 ¢ 36!
18!18! ¼ 30¢106

Thus, it is only necessaryto diagonalizematrices,whosedimensionsare approx-
imately 2500 times smaller than the initial Hamilton matrix. The factor 1

36¢4
comesfrom the fact that 36 translations and up to 4 rotations are possible.

Diagonalization algorithms

After any possibility is taken to simplify the diagonalization with the help of
symmetries,the solution of the SchrÄodingerequationis a simplematrix eigenvalue
problem. For a given matrix and given task, one has to choosean appropriate
algorithm. For example, if the matrix to be diagonalized is denseand a full
diagonalization is wanted, algorithms as the Jacobi algorithm can be used(see
Refs. [3] and [4].

Here, we will focus on large sparsematrices, as they occur in most physical
simulations with emphasison the calculation of the extreme eigenvalues. An
algorithm that works exceptionally well for that kind of problem is the Lanczos
algorithm. For further diagonalizationalgorithms seeRef. [5] or [3].

Lanczos algorithm The Lanczosalgorithm is a tridiagonalization algorithm
[5, 6]. It has been introduced in 1950, but at ¯rst, it was not payed much
attention: Other tridiagonalization algorithms, as for examplethe Householder
tridiagonalization algorithm [5], are numerically stabler. But in contrast to most
algorithms, the Lanczos algorithm works well on large sparsematrices. The
reason for that is the fact that other algorithms normally iterate the matrix
H ij and thus tend to destroy its sparseness,while the Lanczosalgorithm does
not iterate H ij but builds a so-calledT-matrix in its iterations. The T-matrix
is tridiagonal and of much smaller dimension than H ij . It can be diagonalized
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e±ciently with another algorithm, for example with the Divide and Conquer
algorithm [5]. The gainedeigenvaluesof that diagonalizationare approximations
to the eigenvaluesof H ij . At each step of the Lanczosalgorithm, T grows by one
row and one column. If T is diagonalizedat each step of the iteration one can
seethe eigenvaluesconverge(Figure 5).

The Lanczosalgorithm's popularity comesfrom the fact that for the cal-
culation of the ground state energy only few iterations are needed. The full
tridiagonalization takesO(n) stepsfor a sparsematrix.

Unfortunately, there are alsoa few drawbacks: The Lanczosalgorithm is not
especially e®ective to calculateeigenvaluesnear the middle of the spectrum and
the (unmodi¯ed) algorithm is not stable due to roundo®errors. Both issuescan
be seenin Figure 5 and Figure 6. For referenceon the treatment of the numerical
instabilities seeRef. [5] and [6].

0 50 100 150
 1 7.75

 1 7.7

 1 7.65

 1 7.6

 1 7.55

 1 7.5

 1 7.45

 1 7.4

 1 7.35

 1 7.3

 1 7.25E

N

Figure 5: The lowesteigenvaluesconvergemuch faster than the other eigenvalues.
For example, the ground state convergeswithin 120 stepswith a small relative
error. The larger eigenvaluesdo not convergeas fast, and they sometimesseem
to convergeto a value which is not the true eigenvalue. It is necessaryto make
a few more iterations to make sure that the right eigenvalue is calculated. The
graph hasbeenadapted from Ref. [1].

The idea behind the LanczosAlgorithm is to build a special orthonormal
basis of the Krylov spacef V; H V; : : : ; H lVg, in which the Hamiltonian takes
tridiagonal form which is calledT-matrix, i.e., T = O¤H O, wherethe columnsof
O are the Lanczosvectors jUj i gained in the iteration. V is a random vector of
the phasespaceand is capital to expressthat it is normalized. The eigenvalues
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0 10 20 30 40 50 60 70 80 90 100

 9. 1

 9

 8. 9

 8. 8

 8. 7

 8. 6

 8. 5

 8. 4

 8. 3

 8. 2E

N

GHOST

Figure 6: In the Lanczositerations only three vectorsare saved in memory. This
usually results in a loss of orthogonality after a few iterations due to roundo®
errors. The lossof orthogonality results in fake (or ghost) eigenvaluesthat con-
verge to an already existing eigenvalue and increaseits multiplicit y [1]. There
are heuristic techniquesto decideif an eigenvalue is a ghost [6].

of the T-Matrix convergeto the eigenvaluesof the Hamiltonian.

1. Starting conditions:
jU1i := jV i with V random starting vector
kjU1ik = 1 ; jU0i = 0 ; b0 = 1; ; k = 0

2. Iteration, building the T-matrix
while(bk 6= 0)
jUk+1 i = jr k i =bk ; k = k + 1;ak = hUk jH jUk i
jr k i = H jUk i ¡ ak jUk i ¡ bk¡ 1jUk¡ 1i ;
bk = kjr k ik 2

end

The gainedcoe±cients ai , bi are usedto build the T-matrix

T =

0

B
B
B
B
B
B
B
@

a1 b1

b1 a2 b2

b2 a3 b3
. . .

. . . bm¡ 1

bm¡ 1 am

1

C
C
C
C
C
C
C
A

;
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which is not only tridiagonal but alsoof much smallerdimensionthan the Hamil-
tonian, i.e., m ¿ N . Therefore,it can be diagonalizedeasily with an algorithm,
such as the QR-algorithm or the Divide and Conquermethod [5].

Figure 7: A spy picture of a sparsematrix asthey occur in scienti¯c simulations.
A spy picture prints a blue dot for every matrix-entry that is nonzero. For this
matrix with approximately 1300£ 1300= 1690000entries only nz = 91465are
nonzero. The matrix has been downloaded from University of Florida Sparse
Matrix Collection http://www.cise.u°.edu/r esearch/sparse/matrices/ and plot-
ted with Matlab.

With the diagonalization of the T-matrix, we obtain an approximate set of
eigenvaluesand eigenvectorsTÂj = E j Âj . The Âj are given in the basisf Uj gl

j =1 .
Since the eigenvectors of H are wanted in the basis f ª j gN

j =1 it is necessaryto
transform the Âj .

OWi = Ui

Wi := (0; : : : ; 1
| {z }

i times

; 0; : : : ; 0)T

O = f U1; : : : ; Ulg ;



12 Numerical Methods in CondensedMatter and Lattice GaugeSystems

whereO is a matrix with columnsjUj i . That meansif Â =
P l

i =1 ai Wi eigenvector
of T in the basisf Uj gl

j =1 ) ® =
P l

i =1 ai Ui in the basisf ª j gN
j =1 . For largesystems

it is not possibleto store the matrix O in memory, becauseit is not sparse.To
computea certain eigenvector, the Lanczosalgorithm is restarted with the same
starting vector V and the state ® is successively built with the known coe±cients
ai .

As claimed above, the Lanczosalgorithm usually results in a good approxi-
mation of the extremal spectrum, which is an unexpectedresult [5]. Usually, the
Krylov-spaceis only a subspaceto the phasespace. In the construction of an
orthonormal basisof the Krylov space,onecould havechosena start vector of the
Krylov-spacesuch that for examplethe ground state is not in the Krylov-space.
The usually good convergence(of the ground state) is explained by round-o®
errors,with the e®ectthat eventually the lower eigenstatesappear in the Krylov-
space.
This can be best seenin the simple exampleof a power method:

ui +1 =
Au i

kAu i k
(5)

ui = a(i )
1 ~e1 + ::: + a(i )

1 ~en (6)

ui +1 =
¸ 1a(i )

1 ~e1 + ::: + ¸ na(i )
1 ~en

k¸ 1a(i )
1 ~e1 + ::: + ¸ na(i )

1 k
(7)

where ~ek are eigenvectors and ui approximations of the biggest eigenvector ~e1.
Even with an unlucky pick of the starting vector u0 = 0~e1 + ::: + a(0)

1 ~en , round o®
errors result in a small component of a(i )

1 such that ui ¯nally convergesto ~e1.

Observ ables

In the previous sections,we have motivated the use of symmetries to ¯nd an
optimal basisof the Hilbertspaceand have introduceda (tri)diagonalization al-
gorithm. For many physical simulations, it is not the goal to calculate the en-
ergy spectrum but to calculate either a quantum mechanical expectation value
or a thermodynamic expectation value. With the knowledge of the eigenval-
ues/eigenvectors it is possibleto calculatealmost any expectation value.

From statistical mechanicswe know, that in thermodynamic equilibrium the
probability to ¯nd a state with the energyE is given by the Boltzmann distri-
bution P = 1=Z ¢e¡ ¯ E , where ¯ = 1=kB T and Z :=

P
n e¡ ¯ En is the partition

function.
The thermodynamic expectation value of an observable A in thermodynamic
equilibrium is given by

hAi =
P

n Ane¡ ¯ En

P
n e¡ ¯ En

(8)

An = hÃn jAjÃn i ; (9)
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whereÃn is the normalizedeigenvector to the energyEn andAn the corresponding
quantum mechanical expectation value.

Usually, it su±ces to calculate the lower part of the spectrum for a good
approximation of the expectation value. This comesfrom the fact that the lower
eigenvaluesweigh more than the high eigenvaluesin the Boltzmann distribution.
The bigger the di®erencebetween the eigenvalues, the better the convergence.
For higher temperatures the gap between weights belonging to an eigenvalue
decreasesand the calculation of more eigenvaluesis necessaryfor the calculation
of the expectation value for a given maximal error which results in the needfor
a full diagonalizationat high temperatures.

3 A simple example

4

6 7 8

109

5

1 2 3

11 12

13 14 15 16

Figure 8: A graph of a 2-dim squarelattice Heisenberg model, whereonly next
neighbor (NN) couplings are allowed and the coupling strength is equal for all
bondsgiven by J .

This sectionconsistsof two parts: At ¯rst the Heisenbergmodel is introduced
and it is shown, how a good initial basiscan be obtained. Then it is shown in
the exampleof the one-dimensionalnon-periodic spin-1

2 Heisenberg model with
three spinshow symmetriescan be usedand how a thermodynamic expectation
value can be calculated.

Heisen berg mo del

This model includesonly spin-spininteraction, i.e, there is no electronmovement
or Coulomb repulsion. The spins sit on vertices that are ¯xed in spaceand
interact via coupling constants J ij . The Jij are alsocalled bonds.
The Hamiltonian is given by

H = ¡
X

hi;j i

Jij
~Si

~Sj + h
X

i

~B ~Si (10)
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where
P

hi;j i denotesthe sumover next neighbors, ~B denotesan externalmagnetic

¯eld (k ~Bk = 1), h the coupling strength of the external magnetic ¯eld with the
spinsand Jij

~Si
~Sj := J (x)

ij S(x)
i S(x)

j + J (y)
ij S(y)

i S(y)
j + J (z)

ij S(z)
i S(z)

j .

Finding a good basis To solve H ª = Eª it is necessaryto ¯nd a good basis.
Due to special commutation relations

£
S®; S¯

¤
= i~²° ®¯ S°

h
~S2; S®

i
= 0

it is possibleto de¯ne the following ladder operators:

S(+)
i := S(x)

i + iS (y)
i S(¡ )

i := S(x)
i ¡ iS (y)

i ;

where S(x)
i = 1

2[S(+)
i + S(¡ )

i ] and S(y)
i = 1

2i [S
(+)
i ¡ S(¡ )

i ]. Furthermore, it can be
shown that the basisof the Hilbertspacecan be written as jj ; mi , wherej is the
total spin and m its projection on the z-axis. For a spin 1=2-systemthe basis
consistsof statesof the form j "i ­ ¢¢¢­ j #i . The following expressionshold:

S(§ )
i jj ; mi = ~

p
j 2 ¡ m2 + j ¨ mjj ; m § 1i

S(z)
i jj ; mi = ~mjj ; mi

h
S(+)

l ; S(¡ )
j

i
= 2S(z)

i ±l j
h
S(z)

l ; S(+)
j

i
= S(+)

i ±l j
h
S(z)

l ; S(¡ )
j

i
= ¡ S(¡ )

i ±l j

Thus, the Hamiltonian can be rewritten in terms of S(+)
i ; S(¡ )

i in the basisjj ; mi .
For a special caseof the Heisenberg model, the so-calledisotropic Heisenberg
model with only next neighbor coupling, the aboverelationsresult in the following
Hamiltonian:

H = J
X

hi;j i

[S(z)
i S(z)

j +
1
2

(S(+)
i S(¡ )

j + S(¡ )
i S(+)

j )] ;

wherethe original Hamiltonian was given by

H = J
X

hi;j i

S(z)
i S(z)

j +
h
S(x)

i S(x)
j + S(y)

i S(y)
j

i
:
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1 2 3

Figure 9: A spin-1
2 Heisenberg chain with three particles.

Magnetization of the three spin- 1
2 isotropic Heisen berg mo del

Now that we have introduced the ED procedureand found a good initial basis
for the Heisenberg-model, we shall have a look at a simple example: The non-
periodic anisotropic Heisenberg chain with three vertices, as it can be seenin
Figure 9. The Hamiltonian is given by

H = H0 + H1

H0 = J
³

S(z)
1 S(z)

2 +
1
2

(S(+)
1 S(¡ )

2 + S(¡ )
1 S(+)

2 )

+ S(z)
2 S(z)

3 +
1
2

(S(+)
2 S(¡ )

3 + S(¡ )
2 S(+)

3 )
´

H1 = ¡ h(S(z)
1 + S(z)

2 + S(z)
3 ) ;

whereH1 is a small perturbation of the system. In the following we set J = ¡ 2
for simplicity.

The initial basis For such simpleproblemsit is sometimeseasyto ¯nd a basis,
such that the Hamiltonian is in block-diagonal form. For our examplewe choose
a bad basison purposeto illustrate the usageof symmetries.

j1i := j ""#i
j2i := j """i

j3i := j ##"i
j4i := j ###i

j5i := j #"#i
j6i := j "##i

j7i := j "#"i
j8i := j #""i

The Hamilton matrix In the given basis the unperturbed Hamiltonian is
given by

H0 =

0

B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 0 ¡ 1 0
0 ¡ 1 0 0 0 0 0 0
0 0 0 0 ¡ 1 0 0 0
0 0 0 ¡ 1 0 0 0 0
0 0 ¡ 1 0 1 ¡ 1 0 0
0 0 0 0 ¡ 1 0 0 0

¡ 1 0 0 0 0 0 1 ¡ 1
0 0 0 0 0 0 ¡ 1 0

1

C
C
C
C
C
C
C
C
C
C
A

:
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Symmetries For our example we use two symmetries: The 2-fold rotation
around the center site, denotedby G. Its character table can be seenin Table 3.
And the spin-°ip symmetry, denotedby F . That is, j "i 7! j #i . Its character
table is given in Table 3.

C1v E ¾h

A1 1 1
A2 1 -1

Table 1: Character table of the C1v symmetry, which is the spin-°ip symmetry
in our example.

C2 E C2

A1 1 1
A2 1 -1

Table 2: Character table of the C2 symmetry. This symmetry group rotates our
systemof three spins. Character tables of commonsymmetriescan be found in
textbooks about group theory, for exampleRef. [2].

Without the identit y operation, both groups have just one element: f 2 F
and g 2 G. In our given basis, the two representations of the symmetriesare
given by

D(g) =

0

B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
A

D(f ) =

0

B
B
B
B
B
B
B
B
B
B
@

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

1

C
C
C
C
C
C
C
C
C
C
A

:

One can check that the two groupsG and H are symmetriesof the Hamiltonian
by verifying [H; D(g)] = [H; D(f )] = 0. Fortunately, both symmetriescommute,
i.e., [D(f ); D(g)] = 0, so it is possibleto build a bigger symmetry group G £ F .
The commutation means, that it is allowed to take the direct product of the
groups, and thus the characters of the G £ F 's irreducible representativ es are
given by

Â(¹;º )
G£ F := Â(¹ )

G Â(º )
F ;

whereÂ(¹ )
G are the charactersof the symmetry group G's irreducible representa-

tions. The representations of the groupG£ f aregivenby f D(id); D(g); D(f ); D(gf )g.
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It now possibleto compute the symmetrizedbasisvectors. In the step-by-step
proceduregiven above:

1. Computation how many times the irreducible representations arecontained
in the given reducible representation.

a(¹;º ) =
1

jG £ H j

X

m2 G;n 2 H

h
Â(¹ )

G (m)Â(º )
H (n)

i ¤
Â(D(m))Â(D(n))

a(1;1) =
1
4

(1 ¢8 + 0 ¢1 + 0 ¢1 + 1 ¢4) = 3

a(2;1) =
1
4

(1 ¢8 ¡ 0 ¢1 + 0 ¢1 ¡ 1 ¢4) = 1

a(1;2) =
1
4

(1 ¢8 + 0 ¢1 ¡ 0 ¢1 ¡ 1 ¢4) = 1

a(2;2) =
1
4

(1 ¢8 ¡ 0 ¢1 ¡ 0 ¢1 + 1 ¢4) = 3

2. Finding symmetrizedbasisvectors ji 0i :

Ã(1;1)
1 = j1i + j6i + j3i + j8i ) j10i := jª (1;1)

1 i =
1

p
4

(j1i + j6i + j3i + j8i )

Ã(1;1)
2 = j2i + j4i + j4i + j2i ) j20i := jª (1;1)

2 i =
1

p
2

(j2i + j4i )

Ã(1;1)
3 = j5i + j7i + j7i + j5i ) j30i := jª (1;1)

3 i =
1

p
2

(j5i + j7i )

Ã(1;2)
1 = j1i + j6i ¡ j3i ¡ j8i ) j40i := jª (1;2)

1 i =
1

p
4

(j1i + j6i ¡ j3i ¡ j8i )

Ã(2;1)
1 = j1i ¡ j6i + j3i ¡ j8i ) j50i := jª (2;1)

1 i =
1

p
4

(j1i ¡ j6i + j3i ¡ j8i )

Ã(2;2)
1 = j1i ¡ j6i ¡ j3i + j8i ) j60i := jª (2;2)

1 i =
1

p
4

(j1i ¡ j6i ¡ j3i + j8i )

Ã(2;2)
2 = j2i ¡ j4i ¡ j4i + j2i ) j70i := jª (2;2)

2 i =
1

p
2

(j2i ¡ j4i )

Ã(2;2)
3 = j5i ¡ j7i ¡ j7i + j5i ) j80i := jª (2;2)

3 i =
1

p
2

(j7i ¡ j7i )

Herewe have usedonly basisvectorsfor v. In the progresssomebasisvec-
tors result the samesymmetrizedbasisvector. Thesevectorsarediscarded.

3. For this special case,wherebasisvectorshave beenchosenasstarting vec-
tors for the symmetrization, this basisis alreadyorthonormal and thusdoes
not have to be orthonormalized.
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4. In the new basisthe Hamiltonian is then given by

H0 =

0

B
B
B
B
B
B
B
B
B
B
@

0

@
0 0 ¡

p
2

0 ¡ 1 0
¡

p
2 0 0

1

A

µ
0 0
0 0

¶

0

@
0 0

p
2

0 ¡ 1 0p
2 0 1

1

A

1

C
C
C
C
C
C
C
C
C
C
A

;

and is in block-diagonal form.

Diagonalization For bigger matricesonewould have to useLanczosto calcu-
late the necessaryeigenvaluesand eigenvectors. In this casehowever, we can use
a simpledirect algorithm, such as it is implemented in Matlab. The diagonaliza-
tion results in E1 = ¡ 1, E2 = 0 and E3 = 2, whereE1 is degeneratedfour times,
and E3 is degeneratedtwice. The eigenvectorsare given by the following matrix,
wherethe eigenvectorsare the columns,given in the initial basisfj i ig :

O =

0

B
B
B
B
B
B
B
B
B
B
@

¡ a a 0 0 c c d ¡ d
0 0 b b 0 0 0 0

¡ a ¡ a 0 0 c ¡ c ¡ d ¡ d
0 0 b ¡ b 0 0 0 0

¡ a ¡ a 0 0 0 0 2d 2d
¡ a ¡ a 0 0 ¡ c c ¡ d ¡ d
¡ a a 0 0 0 0 ¡ 2d d
¡ a a 0 0 ¡ c ¡ c d ¡ d

1

C
C
C
C
C
C
C
C
C
C
A

with a = ¡ 0:4082,b = ¡ 0:7071,c = ¡ 0:500, d = ¡ 0:2887. It can be seenthat
this results already in a matrix with (23)2 = 64 entries. Thus, for systemswith
more spins, it is not possibleto store all thoseeigenvectors.

Calculating an observable's exp ectation value With the calculatedeigen-
values and eigenvectors, it is now possibleto compute the thermodynamic ex-
pectation value of an observable hAi in thermodynamic equilibrium. A typical
thermodynamic observable is the magnetization M :=

P
i S(z)

i . Without the
perturbation term H1, the magnetization is zero for all temperaturesT.

To seea typical graph of the magnetization, it is necessaryto turn on the
perturbation H1, which breaksthe symmetrieswehaveused,i.e., the Hamiltonian
H = H0 + H1 will not be in block-diagonalform in our previouslyusedbasis. For
the computation of the observable we usethe following basisinstead:
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j1i := j """i
j2i := j ""#i

j3i := j "#"i
j4i := j #""i

j5i := j "##i
j6i := j #"#i

j7i := j ##"i
j8i := j ##"i

In this basisthe Hamiltonian is given by

H = H0 + H1 =

0

B
B
B
B
B
B
B
B
B
B
@

¡ 1 ¡ 3
2h 0 0 0 0 0 0 0

0 ¡ 1
2h ¡ 1 0 0 0 0 0

0 ¡ 1 1 ¡ 1
2h ¡ 1 0 0 0 0

0 0 ¡ 1 ¡ 1
2h 0 0 0 0

0 0 0 0 1
2h ¡ 1 0 0

0 0 0 0 ¡ 1 1 + 1
2h ¡ 1 0

0 0 0 0 0 ¡ 1 1
2h 0

0 0 0 0 0 0 0 ¡ 1 + 3
2h

1

C
C
C
C
C
C
C
C
C
C
A

and the magnetizationoperator in that basisis given by

M ij = hi jM jj i =

0

B
B
B
B
B
B
B
B
B
B
@

3
2 0 0 0 0 0 0 0
0 1

2 0 0 0 0 0 0
0 0 1

2 0 0 0 0 0
0 0 0 1

2 0 0 0 0
0 0 0 0 ¡ 1

2 0 0 0
0 0 0 0 0 ¡ 1

2 0 0
0 0 0 0 0 0 ¡ 1

2 0
0 0 0 0 0 0 0 ¡ 3

2

1

C
C
C
C
C
C
C
C
C
C
A

:

The result can be seen in Figure 10. The behavior is paramagnetic and
agreeswith the prediction that in onedimensionthere cannotbeany spontaneous
magnetization.

4 Applications of Exact Diagonalization

In the previous sectionswe have introduced the tools usedin ED, along with a
simple example. This sectionpresents two applications of ED. The examplesare
adapted from the Refs. [7] and [8].

Phase diagram of the 1D t ¡ J mo del

The t ¡ J model is a simple model that describes highly correlated electrons.
Electronscanhop from site to site, but, unlikethe Hubbard model, the t¡ J model
doesnot allow doubleoccupancyof sites,even if the electronshave oppositespin.
In Figure 11 an illustration of the 1D t ¡ J model is depicted. In the following
discussionNa is the number of sites, N the number of electronsin the system
and n := N=Na the electrondensity.
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Figure 10: The Magnetization in z-direction of the 3-vertex Heisenberg chain
plotted with di®erent external ¯eld strengths, in dependenceof the temperature
T. With decreasingperturbation a strong magnetizationis only seennearT = 0.

The Hamiltonian is given by

H =
X

hi;j i

h
¡ t

X

¾= " ;#

P(cy
i¾cj ¾ + cy

j ¾ci¾)P + J ( ~Si
~Sj ¡

1
4

ni nj )
i

; (11)

whereni := ni " + ni # = cy
i " ci " + cy

i #ci # is the number operator, ~S = (S(x) ; S(y) ; S(z))
the spin operator and P =

Q
j =1 (1 ¡ nj " nj #) the fermionic projection operator.

The number operator ni acting on a state tells us how many electronsare on site
i , i.e., in our caseeither 0 or 1. The fermionic projection operator P guarantees
that there is no double occupancy. If N and Na are given and t is set to 1, the
only free parameter is J . Thus, the system is characterizedby J . To make a
setup for ED we need to choosea basis. One can, for example, use a basis of
the form f 1 " ; 0 " ; : : : ; 0 "gf 0 #; 1 #; : : : ; 0 #g, which is also usedin the Hubbard
model.

For the givenHamiltonian onecanobtain the phasediagram(Figure 12) with
ED. The phaseon the left is characterizedby the (Tomonaga-)Luttingerliquid [9].
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1 2 3

(anti-)periodic boundary

Na

Figure 11: Illustration of the 1D t ¡ J model. Electrons can hop from site to
site, but due to strong Coulomb repulsion, no two electronsare allowed on the
samesite. The boundary condition (dashed line) is usually either periodic or
anti-p eriodic and is chosenupon certain requirements for the systembehavior.

A Luttinger liquid describeselectronsin one dimension. Its properties are that
perturbations of the systemmove assoundwaves,wherea soundwave caneither
be a spin-density-wave or a charge-density wave, which move independently in
a Luttinger liquid (spin-charge separation). Additionally , there is a correlation
exponent K ½, which is related to all other correlation exponents. The contours
of ¯xed value K ½ = const: can be seenin the Luttinger liquid phaseof the phase
diagram. For an introduction to correlation exponents and phasetransitions see
Refs. [10] and [11].

With growing J , a phasetransition takesplaceat J = Jc. This phasebound-
ary separatesthe Luttinger liquid phasefrom the phaseseparationphase.In the
following discussionit is explainedhow the phasediagram can be obtained with
ED.

At ¯rst our goal is to gain knowledgeat what Jc the phasetransition takes
place. A possibility is to analyzethe behavior of the ¯nite-size equivalent of the
compressibility

· =
Na

N 2

.
Ã

E(N + 2) + E(N ¡ 2) ¡ 2E(N )
4

!

; (12)

whereE(N ) is the ground state energywith N electrons.At the phasetransition
· divergesand thus 1=· (J ) crosseszero. Since for the calculation of the com-
pressibility only the ground state energyis needed,the Lanczosalgorithm can be
applied e±ciently.

The contours of K ½ can be obtained by the following expressionthat holds
for Luttinger liquids:

K ½ =
¼
2

vcn2· ; (13)

where everything but the charge velocity vc is known. The charge velocity can
be obtained by

vc =
E1 ¡ E0

2¼=Na
; (14)
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Figure 12: The phasediagramof the 1D t ¡ J model. Phasesthat canbe seenare
the Luttinger liquid on the left and the phaseseparationon the right. For ¯xed
electron density n the phasetransition takesplace for a critical J = Jc. In the
phasedescribed by the Luttinger liquid onecan seethe contours of the Luttinger
correlation exponent K ½ [9].

where E0 and E1 are two of the lowest eigenenergies.It turns out that is nu-
merically hard to decidewhich of the lowest eigenenergiesit is. Fortunately, the
t ¡ J model is exactly solvable for J = 2, and thus one can obtain E0 and E1

for J = 2, then vary J and follow the energydi®erenceE1 ¡ E0. Hence,vc can
be calculatedfor arbitrary J just with the knowledgeof the lowest eigenenergies.
Again, this can be performedrather e±ciently with the Lanczosalgorithm.

2D antiferromagnetic Heisen berg mo del

This model hasbeenstudied intensively over the last few decades,becausehigh-
Tc superconductivity is still not understood. Typical high-Tc superconductors
are the cuprousoxides, which consist of copper oxide layers (Figure 13). These
layerscanbe thought of independent two dimensionallayers. Andersonsuggested
that spin °uctuations might be responsiblefor the high-Tc superconductivity. So,
in a ¯rst approximation the Heisenberg model has beenstudied. Here, our goal
is to comparecomputational results gainedby this model to the experimentally
obtained data to check how good this model describes the physical behavior of
cuprousoxides. A possibleobservable that can be calculated rather easily with
ED and also can be measuredin an experiment is the staggeredmagnetization.
The Hamiltonian of this systemis given by

H = J
X

hr ;r 0i

~Sr 0 ~Sr 0 ; (15)
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Figure 13: Conceptualillustration of a high-Tc superconductorconsistingof CuO2

layers. This illustration is adapted from Ref [12].

where
P

hr ;r 0i denotesthe sum over next neighbors, r = (x; y), J > 0, isotropic
case.

To set this up for ED we usethe relations introducedin Section3, Subsection
Heisenberg model and we obtain

H = J
X

hr 0;r 0i

[S(z)
r 0 S(z)

r 0 +
1
2

(S(+)
r 0 S(¡ )

r 0 + S(¡ )
r 0 S(+)

r 0 )]

S(§ )
r jS(z)

r i =
q

1=2 ¨ S(z)
r jS(z)

r § 1=2i ;

whereimplicitly the basisjf S(z)
r gi :=

Q
r jS(z)

r i is used.
Apart the usualspacegroupsymmetries,the total magnetizationin z-direction

is an invariant, i.e., [S(z)
tot ; H ] = 0, whereS(z)

tot :=
P

r S(z)
r . That means,that one

can restrict on subspacesof the Hilbertspacewith ¯xed S(z)
tot = const: For the

calculation of the staggeredmagnetizationin the ground state we can restrict on
the subspacewith S(z)

tot = 0, becauseit hasbeenshown, that the ground state lies
in that subspace.

The staggeredmagnetizationof the ground state is de¯ned as

my =
D

ª 0

¯
¯
¯
³ 1

N

X

r

(¡ 1)kr k ~Sr

´ 2¯
¯
¯ª 0

E1=2
; (16)

wherejª 0i is the ground state. In contrast to ferromagneticorder, the spinscan
be thought of aligned antiparallel. That means,there is no net magnetization.
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The staggeredmagnetization°ips spinswith (¡ 1)kr k on every odd site which then
results in a nonzerostaggeredmagnetizationif the spinsarealignedanti-parallel.
Onesays the systemis characterizedby antiferromagnetic long-rangeorder if the
staggeredmagnetization is nonzero.

2

N=26

N=4

Figure 14: The squaredstaggeredmagnetization my2 of the ground state calcu-
lated at various lattice sizes(bold points). To obtain my2 in the thermodynamic
limit the ¯nite sizecomputationsare extrapolated with an extrapolation formula
(solid line). The graph is adapted from Ref. [13].

For the calculation of the staggeredmagnetization, only the ground state is
needed. Therefore, the Lanczosalgorithm can be used e±ciently, but one is
still restricted to rather small systemsof currently lessthan 40 sites. What is
wanted is the behavior of a much larger system, i.e., in¯nite sites. The idea to
obtain the behavior in thermodynamic limit is to extrapolate from ¯nite lattices
to in¯nite lattice with an extrapolation formula. For example,with ED my(L)
can be calculatedfor N = 4; 8; 10; 16; 18; 20; 26, and extrapolated with

my(L) = my(1 ) + ¹L ¡ 1 ; (17)

where N = L 2. The result can be seen in Figure 14. Experimentally, this
antiferromagnetic order hasbeencon¯rmed by a muon spin rotation experiment.

5 Practical Asp ects

To do a simulation it is not necessaryto start from scratch. On the internet
there are a few libraries available that simplify the work. Mostly, they are free
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for academicuseand usually have a cite-me license.Here a list of somepopular
libraries:

1. ALPS project "Algorithms and Libraries for PhysicsSimulations"
xml/C++ implementation
http://alps.c omp-phys.org The advantageof the ALPS is it's simplicity and
it's versatility . It is rather easyand foolproof to make a correct simulation.
It also can make Monte Carlo Simulations. A disadvantage is the lack of
symmetries,which is in work at the moment.

2. Spinpack C++ implementation
http://www-e.uni-magdeburg.de/jschulen/spin/ The advantage of this li-
brary is that symmetriesare already built in. It can simulate Heisenberg,
t-J, and Hubbard systemsup to 64 sites,but doesnot include Monte Carlo
algorithms.

3. Lapack "Linear Algebra Package"
Fortran 77 implementation
http://www.netlib.or g/lapack/
LAPACK is a collectionof functions for dense-matrixcomputations. There
are no physicsincluded. The advantage is the full control over the code.

4. TITP ACK
Fortran 77 implementation
http://www.stat.phys.titech.ac.jp/nishimori/titp ack2 new/index-e.html
TITP ACK ver. 2 is a setof subroutinesto diagonalizequantum spin Hamil-
tonians. The LanczosAlgorithm is implemented in TITP ACK.
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World-line quan tum Mon te Carlo
(QMC)

Urs Zellw eger
Supervisor: Philipp Werner

In this chapter, recent developments and breakthroughsof world-
line quantum Monte Carlo methods are described. In essen-
tial, the focus is on three algorithms for updating the world-line
con¯guration: the loop algorithm, the worm algorithm and the
directed-loop algorithm. For someexamples,the algorithms are
discussedin detail step by step.

1 In tro duction

Before the recent breakthroughs in updating world-line con¯gurations by new
algorithms as the loop algorithm [14], the worm algorithm [15] and the directed-
loop algorithm [16], world-line updates had beendone with local updating rule.
Theselocal updatesareanalogousto the single-spin-°ipMetropolis algorithm for
the Ising model.
The Ising model is a model for anti-ferromagnetic interactions, whereonemakes
the assumption that the spins have only two discrete states: spin up and spin
down. In the simplest case,each site interacts only with his nearest-neighbors.
The Metropolis algorithm [17] mentioned above randomly choosesone spin and
calculatesthe cost in energy¢ E of °ipping the spin. This local update will be
acceptedwith probability min(1; e¡ ¢ E ) (seethe ¯rst row of Figure 15).
Simulations donewith the local updateshave a number of drawbacks. For exam-
ple a critical slowing-down near phasetransition. With new algorithms most of
them could be solved completelyor at least to a negligible level - except for one:
the negative-signproblem, which is alsobrie°y discussedin this text.
The improvements are due to global updates of the con¯gurations. To illustrate
thesenon-local updates, we consideroncemore the Ising model, but this time

27
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Figure 15: Local (above) update with single-spin-°ip Metropolis versusglobal
(below) update with Swendsen-Wang for the Ising model (black/white circles
representing spin up/down, respectively).

with the Swendsen-Wang cluster algorithm [18]. The mathematical basisof the
latter underlies almost all the algorithms discussedin this chapter. For con-
venience,we visualize spin-up electronsby ¯lled circles (black) and spin-down
electronsby empty circles (white). Now, we connecteach nearest-neighbor-pair
u with a bond to with probability max(0; 1 ¡ e¡ 2¢ E ), where ¢ E is again the
cost in energyassociated with the bond of °ipping one of the spins, if they are
in the samestate. Then, after identifying the clusters formed by thesebonds,
each cluster is °ipp edwith probability onehalf (seethe secondrow of Figure 15) .

This algorithm is a special caseof a dual Monte Carlo algorithm, where the
Markov processalternates between two con¯guration spaces. One space, we
denoteit by S, is the spaceof the original con¯guration, giventhrough the system
we consider. In our specialcaseabove, S is the spin-up / spin-down con¯guration
(in graphical terms: the set of black and white circles). The secondspace,we
denote it by G, is the spaceof auxiliary variables. In the previous examplethe
bonds connecting nearest-neighbors were referred to G. A stochastic process
is now characterizedby the transition probabilities T(GjS) (generating G with
given S) and T(SjG) (generatingS with given G). This stochastic processyields
the limiting distribution

lim
n!1

ProbS(n) = S / W(S)

provided that the transition probabilities T are de¯ned so that the ergodicity
(time averageequalsensemble average)and the extended detailed balance condi-
tion

T(GjS)W(S) = T(SjG)W(G) (18)

holds. The weight-functions W are positive functions, which have to be de¯ned
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for each case.In general,the weight of a state S can be written as

W(S) =
Y

u

w(Su) (19)

where the product is over each pair u = (i; j ) of interacting spins. After the
discussionabove, evidently onecan write

w(Su) =
X

Gu

w(Su; Gu) (20)

where w(Su; Gu) has to be de¯ned. For convenienceand better understanding
we look oncemore at the Swendsen-Wang model. There Gu is a binary-variable
(pair u is connectedor not). Hence,after the last equation the weight w(Su) of
the pair u is composedof two contributions w(Su; 1) and w(Su; 0) which has to
be de¯ned model-speci¯c. Out of the last two equations,one¯nd

W(S) =
X

G

W(S; G) =
X

G

Y

u

w(Su; Gu) : (21)

If we de¯ne the transition probabilities asfollows, detailedbalancecondition (18)
is satis¯ed:

T(GjS) =
W(S; G)

W(S)
; T(SjG) =

W(S; G)
W(G)

: (22)

In this last equation, W(G) is de¯ned analogousto W(S). Whenever the target
weight W(S) can be expressedthrough eq. (19), the transition probabilities (22)
constitute a valid algorithm.

The only thing we have to do is de¯ne S; G; W(S; G) for each speci¯c model.
S can be introducedby two di®erent kinds of representations, which both reduce
to the samealgorithm: by the path integral and by the high-temperature series
expansion.Sinceit is a little easier,we follow the ¯rst way.

In what follows, we do no longer look at the Ising model and its visualization
through circles - although it was useful to understand the mathematical basis.
The three Monte Carlo simulations discussedbelow (i.e. the loop algorithms, the
worm algorithm and the directedloop algorithm) canbevisualizedwith graphical
objects called world-lines. The latter is a curve on a (d + 1)-dimensionalspace-
time lattice. The additional dimension- depicted as the vertical one - is called
the imaginary-time dimension,while d standsfor the (real-)spacedimension.
The extensionof the systemin the imaginary time direction is givenby the inverse
temperature ¯ = 1=kB T and we employ periodic boundary conditions. Each site
i (for examplea spin) in real spaceis depicted as a vertical line of length ¯ (see
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Figure 16: Left side: S-spacewith two world-lines and a few kinks. Right side:
G-spacewith segments and vertices

Figure 2).
Along each vertical line (site i ), a function n(i; ¿) (called local-state of space
time-point (i; ¿)) is de¯ned, which takes only integer-values (0; 1; 2; : : : ) and is
constant almost everywhere.A discontinuouspoint of this function is referredto
as a kink. A con¯guration is the set of theselocal-state functions along the sites
i , i.e. a spin con¯guration is equivalent to the integersof all space-timepoints.
If the local state is binary - i.e. n(i; ¿) = 0; 1 - and the sum over the real-space
is conserved, the con¯guration can be represented by a set of world-lines that
connect the points in one of the two states, for examplen = 1 (seeFigure 16).
For a quantum spin model of spin sizes, we have n(i; ¿) = 0: : : 2s, i.e. the local-
state takes(2s + 1) values. Although con¯gurations in a non-binary casecannot
be represented by world-lines, we call it still world-lines for convenience.
The con¯guration spacedescribed above is called S. We introduce the spaceof
the auxiliary variablesG by two graph elements consistingof vertical lines called
segments and vertices. The latter need to be speci¯ed for each algorithm. An
exampleis visualizedin Figure 16.

2 Lo op algorithm

Path in tegral

We start with the partition function Z , which is given by the following equation:

Z =
X

ª

­
ª

¯
¯e¡ it H

¯
¯ ª

®
: (23)



World-line quantum Monte Carlo (QMC) 31

For convenience,we considerthe path integral in a discrete time and changeto
an imaginary-time representation (it ! ¿):

Z =
X

ª

*

ª

¯
¯
¯
¯
¯

lim
L !1

LY

k=1

µ
1 ¡

¯
L

H
¶ ¯

¯
¯
¯
¯
ª

+

: (24)

This simpli¯cation follows from

e¡ ¯ H = lim
L !1

³
e¡ ¯

L H
´ L

= lim
L !1

µ
1 ¡

¯
L

¶ L

: (25)

This procedureis called the Trotter decomposition and L is the Trotter number.
Next, we decomposethe Hamiltonian into M independent Operators which de-
scribe the interaction betweenonly two sites(one pair). If the Hamiltonian H is
the sum of M terms, then the last equation leadsto

Z =
X

ª

*

ª

¯
¯
¯
¯
¯

lim
L !1

LY

k=1

MY

b=1

µ
1 ¡

¯
L

H b

¶ ¯
¯
¯
¯
¯
ª

+

; (26)

where the summation is taken over some complete orthonormal basis of the
Hilbert space. Inserting

P
jª i hª j between two subsequent factors and de¯n-

ing ¢ ¿ = ¯ =L as the step in the discretizedimaginary time representation, we
obtain

Z = lim
L !1

X

f ª b(k)g

LY

k=1

MY

b=1

hª b+1 (k) j(1 ¡ (¢ ¿)H bj ª b(k)i : (27)

According to the notation in the introduction, we denote (b;k) as u and we
recognize

Z = lim
L !1

X

S

WL (S) ; where (28)

WL (S) =
Y

u

hª 0
u j(1 ¡ (¢ ¿)H u)j ª u i : (29)

As we showed, the partition function is expressedas the sum of a weight that is
a function of a world-line con¯guration.

In a similar fashionas the Swendsen-Wang algorithm we discussedabove, we
can construct an algorithm called the loop algorithm. We can rewrite WL (S), by
introducing Gu = G(b;k) = 0; 1:

WL (S) =
Y

u

X

Gu =0 ;1

­
ª 0

u

¯
¯(¡ (¢ ¿)H u)Gu )

¯
¯ ª u

®
(30)

=
X

G

(¢ ¿)n(G)
Y

u

­
ª 0

u

¯
¯(¡H u)Gu

¯
¯ ª u

®
(31)

=
X

G

WL (S; G) : (32)
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Since these expressionsfor WL (S) and WL (S; G) have the form we mentioned
before,they constitute valid transition probabilities for an algorithm.

To complete this algorithm for the cases = 1=2, we have to specify the
orthonormal set ª we use,as well as the decomposition of the Hamiltonian. For
the former we usein the following f

¯
¯1

2
1
2

®
;
¯
¯1

2 ¡ 1
2

®
;
¯
¯¡ 1

2
1
2

®
;
¯
¯¡ 1

2 ¡ 1
2

®
g and for

the latter we start with the graphicaldecomposition of the pair Hamiltonian H ij .
As explainedabove, each Hamiltonian H u describesthe interaction betweentwo
sites. There are di®erent kinds or possibilitiesof interaction - each of them takes
placewith a certain probability and each canbe represented through an operator
(4 £ 4-Matrix). Sowe end up with the following sum of contributions:

H ij =
X

g

H ij (g) =
X

g

¡ a(g)¢̂ ij (g); (33)

whereg speci¯esa type of graph element. The graph elements shown in following
table build a completeset to describe the XYZ modelswith Hamiltonian

H ij = c ¡ JxSx
i Sx

j ¡ JySy
i Sy

j ¡ JzSz
i Sz

j : (34)

Each graph element stands for a certain interaction between two sites (spins).
The ¯rst row is obviously the identit y, while the secondrow represents an ex-
change. Depending on the Hamiltonian just a few elements of the table may
be used. Becauseof that, there are di®erent kinds of loops for di®erent models
(simple loops,connectedloopsand so on).
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In the ¯gure on the right of this page,the world-line representation in discretized-
imaginary time is visualized for ¯v e sites i and two world-lines. There are L
layers (numbered by k), each of them having 4 sub layers, denotedby b. In the
discretized-imaginarytime, there is a strict order of interacting betweenthe sites,
given through this sub layers.

Example

As an examplewe considerthe Hamiltonian for the s = 1=2 XXZ model [19],

H ¡
X

(ij )

Jx¾x
i ¾x

j + Jx¾y
i ¾y

j + Jz¾z
i ¾z

j : (35)

The weights for the di®erent spin con¯gurations are then

W(S1) = h+ + j1 ¡ (¢ ¿)H bj + + i = 1 ¡ (¢ ¿)
Jz

2
(36)

W(S2) = h+ ¡ j1 ¡ (¢ ¿)H bj ¡ + i = 1 (37)

W(S3) = h+ ¡ j1 ¡ (¢ ¿)H bj + ¡i = (¢ ¿)
Jx

2
(38)

Out of W(S) =
P

G W(S; G) (eq. (20)) we get

W(Si ) =
X

j

W(Si ; Gij ) =
X

wij : (39)
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1 ¡ Jz
2 0 0

0 jJx j
2 1

0 Jz ¡j Jx j
2 0

Table 3: Density of graph elements for the s = 1=2 anti-ferromagnetic model.
The columns stands for di®erent states, in the rows we seethe probability of
assigningthe left-most graph element.

Sincewij = wj i , we have three equationsand 6 variables,

W(S1) = w11 + w12 + w13 (40)

W(S2) = w22 + w12 + w23 (41)

W(S3) = w33 + w13 + w23 : (42)

In the caseof s = 1=2 anti-ferromagnetic couplingswhereJz ¸ jJx j we can write

W(S2) ¸ W(S1) + W(S3) (43)

The weights W(Si ; Gii ) = wii correspond to transitions Si ! Si , i.e. no spin
°ipping. They freezethe weight W(Si ). To get an e±cient algorithm, we have
to minimize the freezingof W(S2), i.e.

w22 = W(S2) ¡ W(S1) ¡ W(S3) + w11 + w33 + w13 : (44)

In order to minimize this last equation we set w11 = w33 = w13 = 0. Then for
the remaining variableswe have

w12 = 1 ¡
¢ ¿
2

Jz (45)

w22 =
¢ ¿
2

(Jz ¡ jJx j) (46)

w23 =
¢ ¿
2

jJx j : (47)

With eq. (48) this corresponds to the following table for the density of graph
assignment (take alsoa look at the visualization in Figure 17).
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Figure 17: Loop algorithm for the s = 1=2 anti-ferromagnetic model (Jz ¸ jJx j)

Con tin uous imaginary-time limit

The goal of this subsectionis to ¯nd out, what graph elements we have to as-
sign where, if we want to formulate the algorithm in imaginary time instead of
discretizedimaginary time. The reasonfor such a procedureis to avoid the sys-
tematic error due to discretization, since this error vanishesonly algebraically
for eq. (31). To take this L ! 1 limit, we ¯rst look onceagain at the graph-
assignment probability T(GjS). We can rewrite it as

T(GjS) =
Y

u

t(Gu; Su) =
Y

u

w(Su; Gu)
w(Su)

; (48)

using eq. (19) and eq. (20). Sincew(Su) is given through eq. (29) using that
WL (S) =

Q
u w(Su), w(Su; Gu) can ba calculatedfrom eq. (31) and becomes

w(Su; Gu) =
­
ª 0

u

¯
¯(¡ (¢ ¿)H u))Gu

¯
¯ ª u

®
: (49)

It follows that

t(1jSu) = (¢ ¿) £ a(g)
D

ª 0
u

¯
¯
¯¢̂ ij (g)

¯
¯
¯ ª u

E
(50)

for Su being a non-kink (ª 0
u = ª u) and t(1jSu) = 1 for Su being a kink.

If Su makesthe matrix element of ¢̂( g) unity, we assigna graph element of type
g with probability (¢ ¿)a(g) to a unit u. Let us now consider an imaginary-
time interval that includes many layers with no kink. Denoting the length of
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the interval by I , there are I =¢ ¿ layers in this interval and the probability of
assigningn graph elements of type g to this interval is given by

lim
L !1

µ
I =(¢ ¿)

n

¶
((¢ ¿)a(g))n (1 ¡ (¢ ¿)a(g)) I =(¢ ¿)¡ n =

1
n!

(I a(g))n e¡ I a(g) : (51)

This is exactly the Poissondistribution with mean I a(g). That means,we can
generatea number n with the Poissondistribution above and choosen points
from I uniform-randomly. At each of these point, we assigngraph elements.
This is much faster then repeating the graph assignment procedurefor all pla-
quettes. Furthermore, the time-ordering of the plaquettesin di®erent sub layers
can be arbitrary. And last but not least: There is no systematic error due to
discretization.

Step by step

We considernow the s = 1
2 XYZ spin model with Hamiltonian

H = ¡
X

(i;j )

¡
Jx¾x

i ¾x
j + Jy¾y

i ¾y
j + Jz¾z

i ¾z
j

¢
¡ B

X

i

¾z
i (52)

with Jx ¸ Jy ¸ 0. The local state function takesthe value n(i; ¿) = 1 = ¾z
i + 1=2

on the world-lines. Then the loop algorithm consistsof the following basicsteps
(seeFigure 18).

Step 1 Start with a certain con¯guration S.
Step 2 For each pair u decompose the interval (0; ¯ ) into uniform intervals
(interval in which no changetakesplace in the local spin state, neither in i nor
in j ).
Step 3 Place graph elements randomly with a certain density on the uniform
intervals.
Step 4 Placea graph element on every kink with a certain probability.
Step 5 Connect the legsof the graph elements through vertical lines (resulting
graph is referredto as G).
Step 6 Identify clusters.
Step 7 Flip each cluster with a certain probability (received image is the new
S). Then do measurements.
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Figure 18: Each imagerepresents onestep of the loop algorithm for the s = 1=2
XYZ model (for descriptionseethe text). Solid and dashedlinesareusedto keep
apart di®erent loops (and not to indicate whether the loop is °ipp ed or not).

Large spins

The loop algorithm can be generalizedto larger spins simply by replacing the
spin operator as follows [20]:

S®
i ) ~S®

i =
2sX

¹ =1

¾®
i;¹ ; (53)

where® = x; y; z. This meansthat each spin operator canbeexpressedthrough a
sumof 2s s = 1=2 spins. The Hilbert spacespannedby this vectorshasdimension
22sN , that is bigger than (2s + 1)N of the original space.Sowe have to eliminate
somestates to get the correct partition function. We do that by introducing a
projection operator.

Z = tr e¡ ¯ H (f Si g) = tr P̂e¡ ¯ H (f ~Si g) : (54)

The pair Hamiltonian then is given through

H ij =
X

¹ =1

X

º =1

H i¹;j º (55)

and the visualization in the world-line representation we get by replacing every
site i through 2s vertical lines. According to this, we have to repeat the graph
assignment procedure(2s)2 times (for every possiblepair of ¹ and º once).
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t=b

t=0

original spin split spins

permutation graph

Figure 19: Split-spin representation for s = 1. Dashedlines indicatesvertices.

It is apparent that the state is invariant under any permutation of the split spins
and the elimination mentioned is due to this fact. Therefore, P̂ is a product of
local projection operators and can be expressedas

P̂ =
Y

i

P̂i =
Y

i

1
(2s)!

X

¼

¢̂ ¼ (56)

where ¢̂ ¼ generatesthe permutation. In graphical terms, we have to include
the following step into our updating process:after assigninggraph elements, we
assignspecial graph elements to the end of the vertical lines for each site. Each
graph connectsthe end points of the 2s vertical lines at ¿ = ¯ to thoseat ¿ = 0
(seeFigure 19).

Magnetic ¯eld

For several models, the loop algorithm described above works best. But in a
model with an external magnetic ¯eld this algorithm may not work well [21]. In
the following, we illustrate the problemin such cases.For this purpose,wesimply
try to solve the problem straight forward with the loop algorithm.
First, we decomposethe Hamiltonian into a ¯eld-free H (0) (which we assumeto
be diagonal) and a ¯eld part H (1) .

H =
X

b

H (0)
b +

X

i

H (1)
i (57)
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For the weight WL (S) we then obtain

WL (S) =
Y

b;k

D
ª b+1 (k)

¯
¯
¯e¡ ¢ ¿H (0)

b

¯
¯
¯ ª b(k)

E
£

Y

i;k

D
ª 1(k)

¯
¯
¯e¡ ¢ ¿H (1)

i

¯
¯
¯ ª 1(k)

E
(58)

=
X

G

W (0)
L (S; G)V(S): (59)

In the last equation,wedenotedthe contribution from the magnetic¯eld asV(S),
which is given by

V(S) = e
R¯

0 d¿
P

i F i (¿) =
Y

c

Vc(S) : (60)

The last equality expressesthat we can write V(S) in terms of clusters.
After all that, for the transition probabilities we ¯nd that T(GjS) (graph-

assignment probability) is not modi¯ed, while the cluster-°ipping probability
becomes

T(SjG) = ¢( S; G)
Y

c

V(Sc)P
S0

c
V(S0

c)
: (61)

The value of T(SjG) becomesvery small at low temperature and that makes
the simulation itself very slow. This can be seenfrom eq. (60). Togetherwith
eq. (61) it says, that °ipping a spin against the magnetic ¯eld of strength H is
proportional to e¡ ¯ H . In such cases,the worm algorithm which is discussedin
the following chapter may solve the problem.

3 Worm algorithm

In this algorithm, the world-line is updated by stochastic movements of a worm.
The latter consistsof two discontinuities, at which the conservation rule is vio-
lated. In our discussion,only oneof thesetwo points movesaround, we call it the
head, while the tail stays at its initial position. The reasonwhy this algorithm
still works if oneappliesa magnetic¯led is, that the magnetic¯eld can be taken
into account at each step.

There are two kinds of heads(tails). The one,for which the local state above
the headis higher than that below is called the positive head. The negative head
is de¯ned analogous,as well as the two typesof tails.

The worm is ableto do three basicmovesand their anti-moves. Every cycleof
the algorithm consistsof thesemoves. Each of them satis¯esthe detailed balance
condition with respect to the weight W(S) with a contribution due to the worm,
called the sourceterm. We considerthe Hamiltonian H ¡ ´ Q, where Q is our
sourceterm. So we obtain the following weight (Nkink denotesthe number of
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kinks and Ndc the number of discontinuouspoints) for a certain state S:

~WL (S) =
Y

u

hª 0
u j(1 ¡ (¢ ¿)H u)j ª u i £

Y

v

hª 0
v j(1 + (¢ ¿)´ Qv)j ª v i (62)

= WD £ (¢ ¿)N kink WK £ (¢ ¿)Ndc WW (63)

WD =
Y

u:nk

hª 0
u j(1 ¡ (¢ ¿)H u)j ª u i (64)

WK =
Y

u:k

hª 0
u j(¡H u)j ª u i (65)

WW =
Y

v:dc

hª 0
v j´ Qv j ª v i (66)

The secondequality expressesthat the weight consistsof three contributions:
The diagonal (index D) and the o®-diagonal(index K ) part of the Hamiltonian
and the sourceterm (index W for worm). In the following discussionwe consider
representations with only oneworm.
The transition probability mentioned in frequencyhas to be satis¯ed for every
move of the worm algorithm:

T(S0jS) ~WL (S) = T(SjS0) ~WL (S0): (67)

Next, we discusseach move in detail.

Creation / annihilation

We ¯rst choosea site i , a uniform interval of it (I ) and two temporal positions in
it (¿; ¿0). Then we decide,if a worm can be insertedat thesepositions or not. It
is obvious, that in this creation-processWW and WD are altered (there are two
discontinuities in addition) while WK remainsthe same(there are no additional
kinks created). Let P(I ) be the probability of choosing I , P(¿; ¿0)d¿d¿0 be the
probability of choosingthe temporal positionsand Pcr the acceptanceprobability
for placing the worm at the proposedpositions. With this notations, the detailed
balance(67) for this move becomes

1
2

Pcr £ P(I )(d¿d¿0P(¿; ¿0))WD (S) = Pan £ WD (S0)(d¿d¿0WW (S0)) : (68)

Here, S (S0) is the state without (with) worm. The factor 1=2 is due to the two
possibilities of the initial worm type. We set P(I ) = jI j=(N ¯ ), which is one of
many possiblechoices.Then, one¯nds

R =
Pcr

Pan
=

2N ¯
jI j

R
I dxdyWD (S0)WW (S0)

WD (S)
(69)

dydyP(x; y) =
dxdyWD (S0)WW (S0)R
I dxdyWD (S0)WW (S0)

(70)
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This means,the acceptanceprobabilities can be chosenas

Pcr = min(1; R) Pan = min(1; R¡ 1): (71)

Often it is too di±cult to compute the integrations above every time a creation
or an annihilation is proposed. Therefore, alternatives may be used, for which
we refer the readerto the original paper of Kawashimaand Harada [22].

Vertical movement

The head moves simply to another temporal position of the site on which it is
currently located (due to this fact, this movement ist also called a time-shift).
Again, the new point for the headafter the vertical movement is chosenfrom an
interval I that contains no kink and is delimited by two kinks. SinceWW and
WK remains the same(number of discontinuities and kinks is not altered), we
have only to look at WD for detailed balance(67):

d¿Pvert (¿) / WD (S0) (72)

=
d¿WD (S0)R
I d¿WD (S0)

: (73)

Jump / anti-jump

In this move, the head jumps to a new spatial position (in graphical terms:
to another site), while its temporal position is kept. In this move, all three
weight-contributions WW ; WD ; WK change. The detailed balancecondition (67)
becomes:

Pju £ (P(x)dx)WW (S)WD (S)WK (S) = Paj £ WW (S0)WD (S0)(WK (S0)dx) (74)

Similar to the discussionabove, we choosethe position for the jump as

dxP(x) =
dxWK (S0)WD (S0)R
I dxWK (S0)WD (S0)

: (75)

Then, the acceptanceprobabilities for the jump and anti-jump must satisfy

R =
Pju

Paj
=

WW (S0)
R

I dxWD (S0)WW (S0)
WW (S)WD (S)WK (S)

(76)

and we can choosethem as

Pju = min(1; R) Paj = min(1; R¡ 1): (77)
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Step by step

For better comprehensionof the moves described above, it is best to illustrate
them in graphical terms. We do not specify any model and its Hamiltonian for
convenience.It is simply an illustration of the basicstepsof the algorithm.
One cycle of the worm algorithm consistsof the following steps(seeFigure 20).

Step 1 Start with a certain con¯guration (no worm).
Step 2 Creation of the worm: i) choosea type (raising / lowering) ii) choose
two points of a uniform interval for placing the worm iii) accept the proposed
placement with a certain probability.
Step 3 Vertical movement: move the headalong the uniform interval
Step 4 Jump: generatea time for placing a kink and jump from i to j with a
certain probability
Step 5 Anti-jump: look at the createdkink betweeni; j . If it is not the nearest
to the head, do nothing. If it is, then look at the second-nearestkink involving
i or j . Now let the head jump back from j to i in the interval delimited by
the kink last mentioned and the head,while annihilating the createdkink in the
jump process.
Step 7 Annihilation: If head and tail are located on the samesite, annihilate
the worm with a certain probability and do measurements, elsegoto step 3.

Figure 20: Each imagerepresents onestepof the worm algorithm (for description
seethe text).
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4 Directed-lo op algorithm

This algorithm is somehow a hybrid of the loop algorithm and the worm algo-
rithm. It has the advantagesof the worm algorithm, while we do not have to
integrate to obtain the transition probabilities and we do not needto decompose
the Hamiltonian.

In the directed-loop algorithm the G updating in the continuous time limit
is done by placing vertices on every kink and with density hª 0

u j(¡H ij )j ª u i in
uniform intervals. But since we don't have graph elements in this algorithm,
loops must be created in the S updating processwith a worm. In comparison
to the worm of the worm algorithm, the worm in the directed-loop can't choose
its position of placing kinks (there is no jump / anti-jump move) becauseG is
¯xed during the life-time of the worm. Therefore,we alsodon't have the schema
where we alternate always betweenS and G. Rather we receive many di®erent
Sk (starting and endingwith a worm-freeS) out of oneG (meansthat we do not
have a simple Markov chain which is alternating betweentwo spacesas before).
The worm hasalsosomekind of moment of inertia. This means,the worm hasa
preferreddirection of motion and doesnot gounnecessarilyback and forth (which
may happen in the caseof the worm algorithm).
If the worm hits a vertex, the restrictions mentioned above allows four possibili-

initial position turn-back straight diagonal horizontal

Figure 21: The four possiblemovements of a worm if after it hits a vertex in the
directed-loop algorithm.

ties of scattering,namely the four legsof the vertex (seeFigure 21). According to
this specialworm dynamics,the detailedbalancecondition is uselessto determine
the probabilities. Instead of the latter, the time reversal symmetry condition is
usedto determinethe transition probabilities:

TW (Sk+1 jSk)WL (Sk ; G) = TW ( ¹Sk+1 j ¹Sk)WL (Sk ; G) (78)

( ¹S means same state as S but with other direction of motion). Out of this
equation, detailed balancewill follow.
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The weight of a state with a worm altogether becomes

~WL (S) = ww(Sh)ww(St ) £
Y

u

hª 0
u j(1 ¡ (¢ ¿)H u)j ª u i ; (79)

wherewe have to choosethe additional weight ww for the head (h) and the tail
(t) of the worm. Sincethe worm is arti¯cial creation of the algorithm, there is
no natural weight with a physical meaning. We set theseweights to

ww(Sx ) = ´ hª 0
x jSx

i j ª x i : (80)

Next, we have to de¯ne Tw(S0jS) so that it satis¯es eq. (78) in three cases:
creation, scattering and annihilation. In the caseof the scattering process,eq.
(78) says

Tw(S0jS)w(Su)ww(Sw) = T( ¹Sj ¹S0)w(S0
u)ww(S0

w): (81)

Sincethere are only four possible¯nal states, this equation can be decomposed
into several closedsetsof four equations. Indeedthere is for any model a general
solution available, but not any solution yields an e±cient algorithm.

In the caseof the pair creation and annihilation, we have to look at states
with and without worm. Sowe obtain for the transition probabilities

T(S0jS) = T(SjS0)ww(S0
h)ww(S0

t ) : (82)

In the discrete-timerepresentation, we have N L points at which we can createa
worm. Therefore,the last equation leadsto

T(S0jS) =
1

N L
Pcr(Sv) (83)

T(SjS0) = Pan(Sv) ; (84)

for creation and annihilation, respectively (Sv is the local state around the point
beforethe creation). Build on this, the detailedbalancecondition and acceptance
probabilities become

1
N L

Pcr(Sv) = Pan(Sv)ww(S0
h)ww(S0

t ) (85)

Pcr = min(1; R) Pan = min(1; R¡ 1) : (86)

Obviously, R in the last two equationsis de¯ned as

R = N Lww(S0
h)ww(S0

t ): (87)
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Step by step

For visualization of the following stepsseeFigure 22.

Step 1 Start with a certain con¯guration.
Step 2 Placevertices in each uniform interval uniform-randomly with a certain
density.
Step 3 Choosea point in the wholespace-timeto placethe worm, choosewhich
end is the head.
Step 4 Let the headmove in its initial direction until it hits a vertex.
Step 5 Chooseoneof four scattering directions with a certain probability.
Step 6 Repeat the steps4 and 5 until the headhits the tail.
Step 7 If the head hits the tail, annihilate the worm (end of the cycle). If this
cycle is doneNcycle times, end of simulation, do measurements.

2

21

10 0 0

Figure 22: Each image represents one step of the directed loop algorithm (for
description seethe text).

5 Negativ e-sign problem

In numerical simulation of quantum models, the negative-sign problem is the
worst of all. It occurswhensomeo®-diagonalmatrix elements of the Hamiltonian
H u are negative. If that is the case,it can happen, that the weight in eq. (19)
is negative for some states S. In such a case,we perform a simulation with
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weight jW(S)j, insteadof W(S). We then decomposethe partition function into
a positive and a negative part as

Z = Z+ + Z¡ ; (88)

which must bealwayspositive. In many casesthe negativepart almostcompletely
cancelsout the positive (large sizes, low temperatures). Becauseof this fact,
estimating an arbitrary quantit y Q as

hQi =
hsgnS Qi
hsgnSi

(89)

leadsto exponentially largeerror bars. In specialcases,the loop algorithm canbe
usedto solve the negative-signproblem for somefermionic models. An algorithm
called the meron algorithm is useful to solve the problem in someapplications
[23]. The idea of this algorithm is basedon the fact, that there are two kinds
of loops. Those, whose°ipping changesthe sign of the whole con¯guration no
matter what the initial state may be, we call merons. On the other hand, there
are loops that do not causeany sign change at all. Which kind of loops we
have dependsonly on the geometricfeature,not on the initial spin con¯guration.
Therefore,the signof a con¯guration canbewritten asa function of an attributed
value of the loops. Now it becomesapparent that we can handle the negative-
sign problem if it is possibleto do a simulation in the restricted phasespaceof
the meron-freegraphs. That means,for every removal or insertion of a graph
element we have to check whether it createsmeronsor not. If it does,removal or
insertion is rejected. Of course,this checkup takesa lot of computation capacity.
In practice, onehandlesonly with two-meronor meron-freegraphs.

6 Conclusions

First of all, we traced the mathematical development of the loop algorithm. In
this algorithm, world-lines are updated in units of loops. He works best in most
cases.The application of this loop algorithm to the s = 1=2 anti-ferromagnetic
model is the only speci¯cation in this report. With the secondalgorithm, the
worm algorithm, it is possibleto do simulations even if a magnetic ¯eld is ap-
plied. In this case,the world-line con¯guration is updated with a discontinuity
moving around. The directed-loop algorithm is a combination of thesetwo. For
each algorithm we explained the working principle and showed a illustration of
the basicsteps.
In this report, the weight is on understanding the basic conceptsof world-line
updates with the loop algorithm, the worm algorithm and the directed-loop al-
gorithm. We completely omitted speci¯cations for di®erent examplessuch as
densitiesof assigninggraph-elements and wherewhich algorithm doesbest. Also
not mentioned aredi®erent applicationsand what resultsoneget out of them. To
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usethe algorithms in practice onealsohasto know about estimators. For all this
tracts we refer the readerto the original paper from Kawashimaand Harada[22].
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Dynamical mean-¯eld theory

Christian Theiler
Supervisor: Simon Trebst

Dynamicalmean-¯eld theory (DMFT) is a non-perturbativetech-
niquefor the investigationof correlatedelectronsystems.Wewill
establishthe application of DMFT to the Hubbard model and see
how this allows to describe the Mott metal-insulator transition.

1 In tro duction

To study properties of solids, one would like to solve correctly the many-body
Schroedinger equation. But becauseof the electron-electroninteraction, it is a
many-body problem which cannot be treated exactly. Approximations have to
be made. The electronicstructures of many real materials can well be calculated
with density functional theory, wherethe problem is reducedto a single-particle
system where the electrons are embedded in a static mean-¯eld generatedby
the other electrons. This method fails for materials with open d and f shells,
where electronsoccupy narrow orbitals. In these so called strongly correlated
materials, the in°uence of an electron to the others is too pronounced to be
treated independently. One then tries to describe the system by a simpli¯ed
model Hamiltonian that takesinto account only a fewrelevant degreesof freedom.
But even the simplest such Hamiltonians cannot in general be solved exactly.
Perturbation theory can be used to obtain good results in certain regimes,i.e.
for small coupling constants or high temperatures. With dynamical mean-¯eld
theory (DMFT), I want to present a successfulnon-perturbative approach to ¯nd
approximative solutions for such models.

2 Outline

In a ¯rst part, wewill introducethe mathematical formalismnecessaryto describe
the framework of DMFT. A short overlook of secondquantisation is followed by
a discussionof Green'sfunctions and an introduction to coherent state functional

49
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integrals and imaginary-time action. To facilitate the comprehensionof DMFT,
we will look at an analogproblem from classicalmean-¯eld theory. Then, we will
givea descriptionof the DMFT equationsappliedto the Hubbard modelandsome
ideasof its derivation. We will establisha connectionto the Andersonimpurit y
model. Then, we will shortly describe the algorithm to solve the equationsand
¯nally show how DMFT-results can explain the Mott-transition.

3 Formalism

Second Quan tisation

When dealingwith identical fermion systems,it is convenient to usesecondquan-
tisation. The creationand annihilation operatorsaredenotedby ay

¸ and a¸ , which
add or remove a particle in state j¸ i respectively. Here the j¸ i 's are assumedto
form a discreteorthonormal basisof the one-particleHilbert space.Theseoper-
ators obey the anticommutating relations:

f ay
¸ ; ay

¹ g = 0; f a¸ ; a¹ g = 0; f ay
¸ ; a¹ g = ±̧ ¹ ; (90)

which guarantee the antisymmetric structure of the wave function. An operator
bA which consistsof a one-particlepart cA1 (i.e. kinetic energy)and a two-particle
part cA2 (i.e. Coulomb interaction) takesin secondquantisation the form:

bA ´
X

¸¹

ḩ j cA1j¹ i ay
¸ a¹ +

1
2

X

¸¹º ½

ḩ ¹ j cA2jº ½i ay
¸ ay

¹ a½aº : (91)

Figure 23: Qualitativ e shape of a Wannier-state localisedat site R i .

Important will be the basis of the (delocalized) Bloch-states jk¾i and the
(localized) Wannier-statesji¾i (see¯gure 23), where k denotesa vector in the
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¯rst Brillouin-zone, i standsfor the lattice site and ¾denotesthe spin. They are
linked by

ji¾i =
1

p
N i

1:BZX

k

ei k ¢R i jk¾i : (92)

Here,N i is the number of ionsin the lattice. From this equationit followsthat the
creation operatorsay

k ¾ of Bloch-statesand the creation operatorscy
i¾ of Wannier-

statescan be transformed into each other through a Fouriertransformation:

cy
i¾ =

1
p

N i

1:BZX

k

ei k ¢R i ay
k ¾: (93)

As an example, we write the system of independent electronsin a periodic
lattice in secondquantisation. The corresponding Hamiltonian H 0 consistsof the
one-particle part h0 = p2=2m + bV(br ). Let Ãk ¾(r ) = hr jk¾i denote the eigen-
functions of h0 to the eigenvalue ²(k ). Then the Hamiltonian can be written
as

H0 =
X

k ¾

²(k )ay
k ¾ak ¾ =

X

k ¾

²(k )nk ¾; (94)

wherenk ¾ = ay
k ¾ak ¾ is the number operator. In the Wannier-representation, H 0

takesthe form:

H0 =
X

ij ¾

t ij cy
i¾cj ¾; t ij = hi¾jh0jj ¾i =

1
N i

X

k

²(k )e¡ i k ¢(R i ¡ R j ) : (95)

We seethat t ij describeshopping of the electronwith spin ¾betweenlattice-site
i and j .

Green's Functions

The task of theoretical physicsis to ¯nd proceduresto calculateexpectation val-
ueshbA(t)i of operatorsand correlation functionshbA(t) bB(t0)i betweenthem. They
could be calculatedfrom the partition function Z of the system. The evaluation
of Z however requiresthe knowledgeof the eigenfunctionsand eigenvaluesof the
Hamiltonian. They are of coursein generalunknown. The method of Green's
functions allows to determineexpectation valuesand correlation functions with-
out the useof Z . To seethat Green'sfunctions emergenaturally, we look at an
examplefrom linear responsetheory: the responseof the magnetisationM of a
systemto a weak time-dependent homogeneousmagnetic ¯eld B (t) is given by
Kubo's formula:

¢ M ¯ (t) = ¡
1
V

x;y ;zX

®

Z 1

¡1
dtB ®(t0)

¡
¡ i£( t ¡ t0)h[m¯ (t); m®(t0)]i

¢
: (96)
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m (t) is the operator of the magnetic moment written in Heisenberg representa-
tion. The integrand in brackets is a retarded Green's function. It is a higher
order Green'sfunction: written in secondquantisation, there would appear more
than one creation and annihilation operator in the thermal average. In DMFT,
one tries to ¯nd good approximations for single-particleGreen'sfunctions. The
retarded single-particleGreen'sfunction Gr et

k ¾(t; t0) is de¯ned by

Gr et
k ¾(t; t0) = ¡ i£( t ¡ t0)hfak ¾(t); ay

k ¾(t0)gi : (97)

It is written in Bloch-representation, but onecould take any basis.
One usesthe grand canonicalensemble. So, in the thermal averageof (97),

thereoccur termsof the form ē (H ¡ ¹N ) and ë i (H ¡ ¹N )t . ¹ is the chemicalpotential
and N the particle number operator. To evaluate Gr et

k ¾(t; t0) with perturbation
theory, one would have to do perturbation theory for e¯ (H ¡ ¹N ) and ë i (H ¡ ¹N )t .
This can by simpli¯ed by extending the de¯nition of Green'sfunctions to imagi-
nary times ¿ = ¡ it . Temperature is then treated as imaginary time and the two
exponentials canbe taken together. The Green'sfunction we then de¯ne is called
Matsubara-function and has the form:

GM
k ¾(¿ ¡ ¿0) = ¡h Tak ¾(¿)ay

k ¾(¿0)i ; (98)

where T is the time ordering operator. One can obtain the retarded Green's
function from the Matsubara Green'sfunction.

Figure 24: The ¯rst two order diagramsfor the self-energy. They can be calcu-
lated using the rules described in [24]. The dotted lines indicate the interaction
term. If it is small, onecan hope to get a good approximative solution in adding
only a ¯nite number of orders.

It follows from perturbation theory that GM
k ¾(¿ ¡ ¿0) obeysa Dyson equation

of the form:

GM
k ¾(i! n ) =

1
i! n + ¹ ¡ ²(k ) ¡ § M

¾ (k ; i! n )
; (99)
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whereGM
k ¾(i! n) is the Fourier-transform of GM

k ¾(¿) given by:

GM
k ¾(i! n) =

Z ¯

0
d¿GM

k ¾(¿)ei! n ¿; ! n =
(2n + 1)¼

¯
: (100)

Here the i! n are the Matsubara frequenciesand the function § M
¾ (k ; i! n ) in (99)

is called the self-energy. The self-energyis the sum of all irreducible self-energy
parts [24]. Onehasto draw all di®erent diagramsand calculatetheir contribution
using given rules. The diagramsof the ¯rst two ordersare illustrated in Fig. 24.

We get a physical ideaof the meaningof the self-energywhenwe remark that
the systemof interacting electronscanbedescribedasconsistingof quasiparticles
with in general¯nite life-time determined by the self-energy. The quasiparticle
density of statesdependson the retarded Green'sfunction.

Coheren t State Functional In tegrals

I want to introduce¯rst the fermion coherent states. Fermion coherent statesare
eigenstatesof the annihilation operator. i.e. ci¾jÁi = Ái¾jÁi . The Wannier-basis
is used. Becauseof the anticommutating relations (90), the eigenvalueshave to
anticommute, as we can seeif we act with more than one annihilation operator
upon such a state. They cannot be complex numbers. One has to introduce
anticommuting variables called Grassmann numbers. They build an algebra
de¯ned by a set of (anticommuting) generatorsf »®g; ® = 1; :::; n. Integration
and di®erentiation over Grassmannvariablescan be de¯ned and be written in a
similar form as for usual numbers.

To construct fermion coherent states,oneassociatesa generatorÁi¾ with each
annihilation operator ci¾ and a generatorÁ¤

i¾ with each creationoperator cy
i¾. The

fermion coherent states then take the form:

jÁi = e¡
P

i¾ Ái¾ cy
i¾ j0i ; (101)

Where j0i is the vacuum state.
This statesare no longer in the physical Fock spaceF . It is possiblehowever

to write the unit operator in F as an integral over Grassmanvariables:
Z Y

i¾

dÁ¤
i¾dÁi¾e¡

P
i;¾ Á¤

i¾ Ái¾ jÁihÁj= 1: (102)

This relation allows to construct in a similar way to Feynman path integrals a
functional integral representation of the partition function Z = Tr e¡ ¯ (H ¡ ¹N )

[25]. It may formally be written as

Z =
Z

Ái¾ (¯ )= ¡ Ái¾ (0)
D(Á¤

i¾(¿)Ái¾(¿))e¡ S(Á¤ ;Á) ;
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where

S(Á¤; Á) =
Z ¯

0
d¿

©X

i¾

Á¤
i¾(¿)(

@
@¿

¡ ¹ )Ái¾(¿) + H (Á¤
i¾(¿); Ái¾(¿))

ª
: (103)

S is the imaginary-time action. In H , creation and annihilation operators are
replacedby the Grassmannnumbers associated to them. The above equations
stand for:

Z = lim
M !1

Z MY

k=1

Y

i¾

dÁ¤
i¾;kdÁi¾;ke¡ S(Á¤ ;Á) ;

(104)

S(Á¤; Á)) = ²
MX

k=2

µ X

i¾

Á¤
i¾;k

½
(Ái¾;k ¡ Ái¾;k¡ 1)

²
¡ ¹Á i¾;k¡ 1

¾
+ H (Á¤

i¾;k ; Ái¾;k¡ 1)
¶

+ ²
µ X

i¾

Á¤
i¾;1

½
(Ái¾;1 + Ái¾;M )

²
+ ¹Á i¾;M

¾
+ H (Á¤

i¾;1; ¡ Ái¾;M )
¶

;

where ² = ¯ =M . Important for us is the fact that if the action S is quadratic,
i.e. the Hamiltonian H of a simple form, we can use the formula for Gaussian
integrals to evaluate Z . The formula for Gaussianintegrals reads:

Z MY

k=1

dÁ¤
i¾;kdÁi¾;ke¡ Á¤

i¾;k H k t Ái¾;t + J ¤
k Ái¾;k + Jk Á¤

i¾;k = [detH ]eJ ¤
k H ¡ 1

k t J t : (105)

The Jk and J ¤
k can either be complexnumbersor Grassmannvariables.

The Matsubara Green's function can also be expressedin this formulation.
Here it is built with Wannier-states:

Gij ;¾(¿1 ¡ ¿0
1) = ¡h Tci¾(¿1)cy

j ¾(¿0
1)i (106)

=
1
Z

Z

Á~i ~¾
(¯ )= ¡ Á~i ~¾

(0)
D(Á¤

~i ~¾(¿)Á~i ~¾(¿))e¡ S(Á¤ ;Á)Ái¾(¿1)Á¤
j ¾(¿0

1): (107)

4 Dynamical Mean-Field Theory

The Ising Mo del

To understand the idea of DMFT, we will ¯rst have a look at an example of
classicalmean-¯eld theory. The principle of a mean-¯eld theory is to approximate
a lattice problem with many degreesof freedomby a single-sitee®ective problem
with lessdegreesof freedom. One picks a lattice site and studiesthe interaction
of the degreesof freedomat this site with an external bath createdby all other
degreesof freedom on other sites. As an example, we take the classicalIsing
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model with ferromagneticcoupling J ij > 0 betweennearest-neighbour sites of a
lattice with coordination z:

H = ¡
X

<ij >

Jij Si Sj ¡ h0

X

i

Si : (108)

Si is the z-component of the spin at site i and h0 an external ¯eld. Now one
assumeseach site to be governedby an e®ective Hamiltonian He® = ¡ he®S0 with

he® = h0 +
X

i

J0i hSi i = h0 + zJhSi : (109)

he® is the mean-¯eld generatedby the external ¯eld h0 and the averagevalue
hSi of nearestneighbours. Since the two possiblecon¯gurations at each site ,
j"i and j#i , have energies¡ 1=2he® and 1=2he® respectively, they have di®erent
occupation probabilities. With the Boltzmann factor, onecan show that hSi has
to satisfy

hSi = 1=2 tanh(1=2¯ he®): (110)

we seefrom (109) that he® is a function of hSi and so equation (110) can be
viewed as a self-consistencycondition for hSi . So hSi can be evaluated. It is
physically quiet intuitiv e, that this approximate solution becomesexact in the
limit of in¯nite lattice coordination.

DMFT Equations

DMFT extendstheseideasto quantum many-body systems.As an examplewe
study the one-bandHubbard model:

H = ¡
X

<ij >;¾

t ij (cy
i¾cj ¾ + cy

j ¾ci¾) + U
X

i

ni " ni #; (111)

wherecy
i¾ and cj ¾ are the creation and annihilation operators of Wannier states.

t ij is the hopping matrix element for electronswith spin ¾betweenlattice site i
and j . The ¯rst term standsfor the kinetic energyof the system. The secondterm
describes the potential energyof a on-site Coulomb repulsion U. The Hubbard
model is the simplest model which describes the competition between kinetic
energy and potential energy of electrons in a many-body system. In the limit
U=tij ! 0, one gets the non-interacting density of states. The system consists
of one band and describesa conductor. As U=tij ! 1 however, the density of
states is split into two bands, the upper and the lower Hubbard band [24]. At
half ¯lling, the systembecomesan insulator. For intermediate coupling U=t we
expect to observe a phasetransition between these two extremal limits. Since
perturbative approaches break down in this parameter regime, approximative
techniquessuch as DMFT can give valuable insights.
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Figure 25: Density of statesof the Hubbard model at half ¯lling [26]. In a we see
the non-interacting density of states. The band is ¯lled up to the Fermi-energy
and describesa conductor. In b we seethe caseof strong on-site interaction U.
The density of states consistsof two bands: the lower and the upper Hubbard
band. The energygap is of the order of U and the systembecomesan insulator.

DMFT replacesthe action S in (103), which dependson all the Ái¾ and Á¤
i¾,

by an on-site e®ective action Se® only depending on Á0¾ and Á¤
0¾ :

Se® = ¡
Z ¯

0
d¿

Z ¯

0
d¿0

X

¾

Á¤
0¾(¿)G¡ 1

¾ (¿ ¡ ¿0)Á0¾(¿0) + U
Z ¯

0
d¿n0" (¿)n0#(¿);

(112)
where n0" (¿) = Á¤

0" (¿)Á0" (¿). We seethat all the other degreesof freedomare
lumpedinto the function G¡ 1

¾ (¿¡ ¿0). It is the analogonto he®. But it is a function
of time, which meansthat it takes into account local temporal °uctuations. As
he®, G¡ 1

¾ (¿ ¡ ¿0) has to be determined self-consistently: Se® allows to calculate
the on-site Matsubara Green'sfunction G00;¾(¿¡ ¿0). Now oneassumesthe self-
energy to be k-independent, i.e. § M

¾ (k ; i! n ) = § M
¾ (i! n ). Then, from (99), the

relation (93) and the linearity of the thermal average,it follows:

G00;¾(i! n) =
Z 1

¡1

D(²)
i! n + ¹ ¡ § M

¾ (i! n ) ¡ ²
d²; (113)

whereD(²) is the non-interacting density of states:

D(²) =
1

N i

1:BZX

k

±(² ¡ ²(k )): (114)

G¡ 1
¾ then has to satisfy the self-consistencycondition
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§ M
¾ (i! n ) = G¡ 1

¾ (i! n) ¡ G¡ 1
00;¾(i! n ): (115)

Beforewe describe how to determineG¡ 1
¾ and thus the self-energy§ M

¾ , we give a
derivation of theseequationsand discussthe connectionto the Andersonimpurit y
model.

Deriv ation of the DMFT Equations

The DMFT equationsyield an exact solution for the Hubbard model in the limit
of in¯nite spatial dimensions[27]. To seethis, we look at a derivation borrowed
from classicalstatistical mechanics, where it is known under the name "cavit y
method" [28]. We will again use the Ising model to illustrate the idea. In the
Ising model, the local quantit y is the spin at a given lattice site. To calculate
the thermal averagehS0i at lattice site 0, one would have to sum over all spin
con¯gurations of the lattice:

hS0i =
1
Z

X

Si
all i

S0e¡ ¯ H (Si ) =
1
2

1
Z

X

Si ;i 6=0

e¡ ¯ H (S0=1 =2;Si ) ¡
1
2

1
Z

X

Si ;i 6=0

e¡ ¯ H (S0= ¡ 1=2;Si )
:

(116)
Here H is the Hamiltonian of the Ising model de¯ned in (108). One tries now
to reducethe problem to a singlesite e®ective problem by determining H e® such
that

1
Z

X

Si ;i 6=0

e¡ ¯ H (S0 ;Si ) =
1

Z e®
e¡ ¯ H e®(S0 ) (117)

holds. To do this, we split the Hamiltonian into three parts:

H = ¡ h0S0 ¡
X

i

Ji 0S0Si + H (0) :

In the following, we write ´ i for Ji 0S0. H (0) is the Ising model in absenceof
site 0. Figure 26 illustrates this. Now, we can rewrite the left part of equation
(117):

1
Z

e¯ h0S0
X

Si ;i 6=0

e¯
P

i ´ i Si e¡ ¯ H (0)
=

1
Z

e¯ h0S0 Z (0) he¯
P

i ´ i Si i (0) :

Expanding the exponential and using the linearity of the thermal average,this
becomes:

1
Z

e¯ h0S0 Z (0)

µ
1 +

1X

n=1

X

i 1 :::1n

¯ n

n!
´ i 1 ¢::: ¢´ 1n hSi 1 ¢::: ¢Si n i (0)

¶
:

Now, we insert this in (117) and take the logarithm. Then we usethe expansion
log(j1 + xj) = x ¡ 1

2x2 + 1
3x3 ¡ ::: and rearrangeterms in the order of ¯ . What
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Figure 26: The cavit y method: onesite is removed from the lattice.

we get is:

¡ ¯ He®(S0) = ¯ h0S0 + log(Z e®
Z (0)

Z
)

+
X

i 1

¯ ´ i 1 hSi 1 i (0)

+
X

i 1 i 2

¯ 2

2!
´ i 1 ´ i 2

¡
hSi 1 Si 2 i (0) ¡ hSi 1 i (0) hSi 2 i (0)

¢

+
X

i 1 i 2 i 3

¯ 3

3!
´ i 1 ´ i 2 ´ i 3

¡
hSi 1 Si 2 Si 3 i (0) ¡ 3hSi 1 i (0) hSi 2 Si 3 i (0)

+ 2hSi 1 i (0) hSi 2 i (0) hSi 3 i (0)
¢

+ :::

Now, we look what happens if we take the limit d ! 1 . In that casethe
Ji 0's and thus also the ´ i 's must be scaledas J i 0 = J ¤

i0=d to yield a sensible
limit [27]. As d ! 1 , only the ¯rst sum in the above equation will survive.
We show this explicitly for the secondsum: the summation goes twice over
all nearest-neighbours. So we get a factor / d2. This is compensatedby a
factor / d¡ 2 coming from ´ i 1 ´ i 2 . Now, as the number of nearest-neighbours
increases,the correlation betweenspinsat di®erent sitesdecreasesand it follows
hSi 1 Si 2 i (0) ! hSi 1 i (0) hSi 2 i (0) as d ! 1 . So the secondsum disappears. If we
remark that removing of a single site will not have an e®ect in the limit of
in¯nite dimensionsso that hSi i (0) can be replacedby hSi i , we get an e®ective
Hamiltonian He® = ¡ he®S0 with he® as in (109): he® = h0 + zJhSi .

The derivation of the DMFT equationsfor the Hubbard model is done in a
similar way. Here we give only a sketch of the proof: The local quantit y is the
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on-site Matsubara function. As we have seenin (18), it can be written as:

G00;¾(¿1 ¡ ¿0
1) =

1
Z

Z
D(Á¤

i ~¾Ái ~¾)e¡ S(Á¤ ;Á)Á0¾(¿1)Á¤
0¾(¿0

1): (118)

We can rewrite this as:

G00;¾(¿1 ¡ ¿0
1) =

Z Y

~¾

DÁ¤
0~¾DÁ0~¾ Á0¾(¿1)Á¤

0¾(¿0
1)

1
Z

Z Y

~¾;i 6=0

DÁ¤
i ~¾DÁi ~¾e¡ S(Á¤ ;Á)

:

(119)
In analogyto (117), we look for an e®ective action Se® that satis¯es:

1
Z e®

e¡ Se®[Á¤
0¾;Á0¾] =

1
Z

Z Y

¾;i 6=0

DÁ¤
i¾DÁi¾e¡ S(Á¤ ;Á)

: (120)

The procedureis now quite similar to the one for the Ising model. We split the
action S for the Hubbard model into three parts: S = S0 + ¢ S + S(0) . S0 is the
on-sitepart of site 0, ¢ S the interaction betweensite 0 and the rest of the system
and S(0) the action wheresite 0 hasbeenremoved. With the right scalingof the
hopping term t, only a few terms survive in the limit of in¯nite dimensions[28].
Se® takesthe form given in (112) with:

G¡ 1
¾ (i! n ) = i! n + ¹ ¡

X

ij

t0i t0j G
(0)
ij ;¾(i! n ): (121)

G(0)
ij ;¾ is the Matsubara function for the Hubbard model with site 0 removed. For

the Ising model, we could just replacehS(0) i by hSi . In this case,we needthe
more complicatedrelation G(0)

ij = Gij ¡ Gi 0Gj 0

G00
[28]. Introducing this in (121) and

using the k-independenceof the self-energyin the limit d ! 1 , which has to be
proven independently, one¯nds the self-consistencycondition (115) for G¾.

The Anderson Impurit y Mo del

We get a physical idea of what one has done by replacing the action S of the
Hubbard-model by an e®ective action Se® for a chosenlattice site, when we look
at the connection to the Anderson Impurit y model (AIM) [29]. The Anderson
impurit y model describes a conduction band of independent electrons in pres-
enceof an impurit y site in 0. The electronshave a certain amplitude to hop
from the conduction band into the impurit y site and vice versadescribed by the
hybridisation Vl . The Hamiltonian of the AIM has the form:

HAM =
X

l¾

~² l ay
l¾al¾ +

X

l¾

Vl (ay
l¾c0¾ + cy

0¾al¾)

¡ ¹
X

¾

cy
0¾c0¾ + Un0" n0#:
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Figure 27: The principle of dynamical mean-¯eld theory (DMFT) [26]: The full
lattice of electronsand ions is replacedby an impurit y atom imaginedto exist in
a bath of electrons.Electronscanhop in and out of this site via the hybridisation
Vº .

We seethat HAM is quadratic in ay
l¾ and al¾. Thus the action is also quadratic

in the Grassmannvariablesa¤
l¾; al¾. Therefore,using (105), the conduction band

electronscan be integrated out. The action depends then only on cy
0¾ and c0¾

and has the sameform as Se® in (112). G¡ 1
¾ (¿ ¡ ¿0)AM found this way depends

on the e®ective parameters~² l and Vl . If they are chosenappropriately, one can
assureG¡ 1

¾ (¿¡ ¿0)AM to be equalto the self-consistent solution G¡ 1
¾ (¿¡ ¿0)H ubbard

of the Hubbard model.
So, DMFT replacesthe full lattice by a single impurit y atom imagined to

exist in a bath of electrons. G¡ 1
¾ (¿ ¡ ¿0) captures the dynamics of electronson

this atom as it °uctuates amongdi®erent atomic con¯gurations.

Solution of the DMFT Equations

Let us recall here the closedset of DMFT equations.

G¾(¿ ¡ ¿0) = ¡h Tc0¾(¿)cy
0¾(¿0)i Se®

G¾(i! n) =
Z 1

¡1

D(²)
i! n + ¹ ¡ § M

¾ (i! n) ¡ ²
d²

§ M
¾ (i! n) = G¡ 1

¾ (i! n ) ¡ G¡ 1
¾ (i! n );

where Se® depends on G¡ 1
¾ (¿) over (112). This set of equationscan be solved
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iterativ ely. The ¯rst equation is written in imaginary time and the other two in
Matsubara frequencyrepresentation. This will make it necessaryto useFourier
transform in the iteration. Onecycleof iteration goesasfollows: Onestarts with
a self-energy§ M

¾ (i! n ) comingfrom the previouscycle. In a ¯rst step, the Green's
function G¾(i! n) is calculated using the ¯rst equation. In a next step, G¾(¿) is
evaluated:

G¾(i! n)
G¡ 1

¾ = G¡ 1
¾ +§ M

¾
¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡! G¾(i! n )

IFT
¡¡¡! G¾(¿): (122)

IFT is the inverseFourier transform. G¾(¿) yields an e®ective action Se® that
allows to calculatea new Matsubara function Gnew

¾ (¿):

G¾(¿)
Se®

¡¡¡! Gnew
¾ (¿): (123)

The loop endswith the determination of a new self-energy:

Gnew
¾ (¿)

FT
¡¡¡! Gnew

¾ (i! n )
§= G¡ 1

¾ ¡ G¡ 1 new
¾

¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡! § M new
¾ : (124)

The Evaluation of G¾(¿) from Se®

The most di±cult step in the iteration is the evaluation of a new G¾(¿) from
G¡ 1

¾ (¿). For this purpose,the integrals in Se® are approximated by sums. This
corresponds to a ¯nite M in the limit of the functional integral for Z (equation
(104)).

Se® = ¡ ²2
MX

l ;l 0=1

X

¾

Á¤
0¾;l G

¡ 1
¾ (²(l ¡ l0))Á0¾;l 0 + U²

MX

l=1

n0" ;l n0#;l : (125)

² is again given by ¯ =M . This action is still quartic becauseof the last term. It
can be decoupledin the expressionfor Z using a discreteHubbard-Stratonovich
transformation at every time step:

e¡ ²U n0" ;l n0#;l +( ²U =2)(n0" ;l + n0#;l ) =
1
2

X

sl = ¨ 1

e¸s l (n0" ;l ¡ n0#;l ); (126)

with cosh(̧ ) = exp(²U=2). The Hubbard-Stratonovich transformation is valid
for operators. But using the Trotter decomposition, one can show that it can
alsobe usedin the functional integral over Grassmannvariables[28]. Z can then
be written as:

Z =
µ

1
2

¶ M X

f sl = ¨ 1g

Z MY

¾;l=1

dÁ¤
0¾;l dÁ0¾;l e

¡
P

ll 0;¾ Á¤
0¾;l M sl

¾;ll 0Á0¾;l 0; (127)
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where
M sl

¾;l l0 = ¡ ²2G¡ 1
¾ (²(l ¡ l0)) ¡ 2¾̧s l±l ;l 0+1 (128)

Using the formula for Gaussian integrals over Grassmannvariables (equation
(105)), Z takesthe form:

Z =
µ

1
2

¶ M X

f sl = ¨ 1g

Y

¾

detM sl

¾ : (129)

The Matsubara Green'sfunction becomes:

G¾0(²(l1 ¡ l2)) =
µ

1
2

¶ M 1
Z

X

f sl = ¨ 1g

(M sl

¾0)¡ 1
l1 l2

Y

¾

detM sl

¾ : (130)

The problem has beenreducedto a matrix-problem. The di±cult y consists
now in summingover all 2M con¯gurations of sl . Exact calculationscan only be
done for M · 24. For larger M , Monte-Carlo calculations give approximative
results. An e®ective algorithm comesfrom Hirsch and Fey [30].

5 The Mott-T ransition

Figure 28: Example of a metal-insulator transition. As temperature reachesless
then 150K, the resistivity of metallic vanadium increasesabruptly by a factor of
108. It becomesan insulator.
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Figure 29: DMFT solution of the Hubbard model at zero temperature and half
¯lling for di®erent values of the on-site interaction U [26]. The Mott metal-
insulator transition occurs when U is strong enoughto causethe quasiparticle
peak to vanish.

There exist materials that show a sharp transition from insulating to metallic
behaviour if a physical parameter such as the temperature is varied. The resis-
tivit y changesabruptly over many orders of magnitude. See¯gure 28. Such a

Figure 30: The photoemissionspectrum of metallic vanadium (V 2O3) [26] . We
seethe quasiparticle peak and the ¯lled Hubbard band. Higher-energyphotons
are lesssurfacesensitive and in better agreement with the DMFT calculation.
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Mott-transition is due to interactions in the solid. It canorigin from ionic e®ects,
for examplechangesin the lattice structure. The investigation of the Hubbard
model usingDMFT hasshown that electronicinteractions alonecan explain this
behaviour. In ¯gure 29 we seethe DMFT solution of the Hubbard model at zero
temperature and half ¯lling. As the on-site interaction U increases,we can see
the appearanceof the two Hubbard bandsand the narrowing of the quasiparticle
peak. At a certain value of U, the quasiparticle peak disappearsand the Mott
metal-insulator transition occurs.

The knowledgeof the quasiparticledensity of statesyields information about
the photoemissionspectrum of the material. In ¯gure 30weseethe photoemission
spectrum of metallic vanadium (V 2O3) near the metal-insulator transition. The
DMFT solution is in good agreement with the experimental result.



Lattice regularization and
con¯nemen t at strong coupling

Roger H Äalg
Supervisor: Slavo Krato chvila

In 1974Wilson proposedan approach to QCD that openeda new
era. Hesuggestedto usea discretespacetimeasa regulator of the
theory in the Euclideanpath integral formalism, and showedhow
the regularisationcanpreserve local gaugeinvariance. Onevirtue
of this approach is that it exposesthe inverseof the coupling
constant asa natural expansionparameter,making it possibleto
accessthe non-perturbative regimeof the theory analytically. In
this way, it is possibleto prove that the theory con¯nesat strong
coupling.

References: [31] [32] [33] [34]

1 In tro duction

This work presents a method to put Euclidean ¯eld theory on a lattice. Per-
turbativ e approaches are sick of divergencies.The lattice is a unique mean to
regularisethesein¯nities while exactly preservinggaugeinvariance.
Within this formulation an e®ectcalledcon¯nement will be shown in the strong-
coupling limit using the strong-couplingexpansion.Preparatory stepsinclude to
show

² how divergenciesappear

² what gaugeinvarianceis

² how to put quantum ¯elds on the lattice

² what con¯nement is

65
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² how strong-couplingexpansionworks

2 In tro duction to QFT

Gauge In variance

The ideaof gaugeinvariancewill be illustrated by meansof the exampleof QED.
Considerthe classicalLagrangefunction of the electromagnetic¯eld

L = ¡
1
4

F¹º F ¹º

where F¹º = @¹ Aº ¡ @º A ¹ (Field strength tensor)

A =
³

Á; ~A
´

(Á: scalar ¯eld, ~A: vector ¯eld) .

The Lagrangianof the quantised electromagnetic¯eld is formally equal

L = ¡
1
4

F¹º F ¹º ,

when A ¹ is identi¯ed as the photon ¯eld.
The Lagrangiandescribesa physical system. If a transformation doesnot change
the Lagrangian, the physics stays the same: this is called a symmetry. Gauge
invariance is an example of such a symmetry and the theory then is called a
"gauge theory".

The (local) gaugetransformation of the A ¹ ¯elds is given by

A ¹ (x) ! A0
¹ (x) = A ¹ (x) + @¹ ! (x) where ! (x) 2 R

By using ­( x) := ei! (x) onegets

A0
¹ (x) = A ¹ (x) + i ­( x)@¹ ­ ¤(x),

since
@¹ ­ ¤(x) = @¹ e¡ i! (x) = ¡ i@¹ ! (x)e¡ i! (x) = ¡ i@¹ ! (x)­ ¤(x).

This local gaugetransformation doesnot changethe Lagrangian.

F 0
¹º = @¹ (Aº (x) + @º ! (x)) ¡ @º (A ¹ (x) + @¹ ! (x))

= @¹A º (x) + @¹ @º ! (x) ¡ @º A ¹ (x) ¡ @º @¹ ! (x)

= @¹A º (x) ¡ @º A ¹ (x)

= F¹º
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One now can identify ­( x) := ei! (x) as the (fundamental) representation of
the group U(1). One thus calls U(1) the gaugegroup of this theory. Sincethe
elements of U(1) commute, this group is an Abelian group, and therefore the
theory is called an Abelian gaugetheory.

Sincecon¯nement is a property of Quantum Chromodynamics,the di®erence
to QED has to be considered.
QCD has the gaugegroup SU(3), where3 standsfor the 3 coloursof the strong
force. In generalelements of SU(N ) do not commute. This meansthat QCD has
a non-Abelian gaugegroup.

QED: Abelian: photons,no sel¯nteraction
QCD: non-Abelian: gluons,sel¯nteraction

The consequenceis, that the physics of the Abelian QED is completely dif-
ferent from the non-Abelian QCD, so is the strong force very di®erent from the
electromagneticforce.

Figure 31: Behaviour of the electromagneticand the strong force as a function
of the distance
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Regularisation

The regularisationprovided by the lattice contains a cuto®in "momentum space"
(Ultra violet cuto®: loop-corrections)and a cuto®in "p osition space" (Infrared
cuto®: zero-point energy).
To discussloop corrections,it would be necessaryto introduceFeynmangraphs.
This is far beyond the scope of this report. Thereforean illustration of the reg-
ularisation of the zero-point energyof the electromagnetic¯eld is presented.

The quantisation processof the electromagnetic¯eld leadsto an in¯nite set
of harmonic ¯eld oscillators.
In this formulation the ¯eld energyfor the vacuum ­ can be expressedas

E ­ =
X

~x

~! (n~x +
1
2

)j­: n~x =0 everywhere =
X

~x

1
2

~! = 1 .

The ¯eld energyfor an arbitrary state Ã:

E Ã =
X

~x

~! (n~x +
1
2

)jÃ:n (0 ;1;0) = m = 1 + m ~! .

The method of the regularisation is to choosea cuto®¤, that is onerestricts
the systemto a ¯nite number L of oscillators in every dimension(here: three).

Now the vacuum ¯eld energyis

E ­
¤ =

X

~x2 ¡(¤)

~! (n~x +
1
2

)j­: n~x =0 everywhere =
µ

1
2

~!
¶

¢L3,

which is a well de¯ned number.
For the state Ã onegets

E Ã
¤ =

X

~x2 ¡(¤)

~! (n~x +
1
2

)jÃ:n (0 ;1;0) = m =
µ

1
2

~!
¶

¢L3 + m ~! .

Only di®erencesin energiescan be measured,for instance the di®erenceto
the vacuum energy. For the arbitrary state Ã oneobtains

E Ã,­
¤ = E Ã

¤ ¡ E ­
¤ = m ~!

By taking the limit ¤ ! 1 , the cuto®, the restriction to a ¯nite number of
oscillators, is removed. One obtains the energy of an arbitrary state Ã in the
regularisation of the theory:

lim
¤ !1

E Ã,­
¤ = m ~! .
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So far it hasbeenshown:

² the conceptof gaugeinvariance

² the idea behind regularisation.

For the further formulation of the Euclidean¯eld theory on the lattice, onehas
to focuson two main ingredients. One has to recover the continuum Lagrangian
from the lattice by removing the cuto®, and one has to require exact gauge
invarianceon the lattice.

In tro duction to QCD

As seenbefore,Quantum Chromodynamicsis a non-Abelian gaugetheory which
describesthe strong interaction. The basicobjects are the quarksand the gluons
which carry a colour charge. Like any quantum ¯eld theory, QCD describes in-
teraction betweencolour chargedparticles through the exchangeof gluons. The
colour chargeof the particles can be interpreted asa SU(3) gaugedegreeof free-
dom, sincethe trace over the color indicesis gaugeinvariant.

The completeLagrangedensitiy of QCD is described by

L QC D (x) = ¡
1
4

Ga
¹º (x)G¹º a(x) +

X

A (°a vour)

·
i
2

¹qA (x)° ¹ D ¹ qA (x) ¡ mA ¹qA (x)qA (x)
¸

where B a
¹ (x): gluon ¯eld

Ga
¹º (x) := @¹ B a

º (x) ¡ @º B a
¹ (x) ¡ ig [B ¹ (x); B º (x)] : ¯eld strength tensor

a: colour index.

In this work the focusis on pure gaugetheory only, hencethe fermionic ¯elds are
neglected.This simpli¯es the Lagrangian to

L QC D (x) = ¡
1
4

Ga
¹º (x)G¹º a(x).

QCD enjoys two peculiar properties:

² asymptotic freedom
At very high energiesquarks and gluons interact very weakly. This topic
will be discussedin more details in the report by Bruno Kng.
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² con¯nement
The force betweenquarks doesnot decreaseas they are disjoined. There-
fore, in¯nitely much energy is neededto separatetwo quarks: they are
called boundedor con¯ned.
The theory of con¯nement still is unclear,but there are experimental indi-
cations, for instancethe failure to observe free quarks.

3 Wilson Formalism

In order to describe Euclidean ¯elds on the lattice, somequantities have to be
introduced.

² hypercubic lattice
This is a four-dimensionalspace-timelattice with ¯nite size and periodic
boundary conditions.
¤ =

©
x¹ j0 · n¹ = x ¹

a · N , N 2 N
ª

² lattice spacinga
This quantit y represents the distancebetweentwo lattice points and is the
only dimensionfull quantit y. Here it has been choosento be equal in all
directions.

² sites
The points on a lattice are called sites.
x¹ = n¹ a n¹ = (n1; n2; n3; n4); ni integer

² links
A link describesthe line which connectstwo neighbouring lattice sites.
l = f x; ¹ g
x: starting point
¹ : direction

x x + a�̂
l

Figure 32: A link on the lattice connectingtwo sites

² plaquette
A plaquette is the elementary squareon a lattice, which is boundedby four
links.
p = f x; ¹; º g
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² @p
The set of the four links of a plaquette.

x x + a�̂

x + a�̂ + a�̂x + a�̂

p

�

�

Figure 33: A plaquette on the lattice and its four bounding links

Lattice Form ulation of Gauge Fields

The gauge¯eld on the lattice is attributed to the links.
A ¹ (x) =) U¹ (x) ´ eiaA ¹ (x) is called "link variable" or "phase factor".

On the lattice onecan think of two orientations of a link: a link and the link
in the opposite direction, which are namedU¹ (x) and Uy

¹ (x).

x x + a�̂

U� (x)

Uy
� (x)

Figure 34: The two orientations of a link

With this de¯nition of the orientation of links, one can now calculate the
phasefactor of a plaquette. The plaquette variable is the phasefactor of @p and
is given by

U(@p) = Uy
º (x) Uy

¹ (x + aº̂ ) Uº (x + a¹̂ ) U¹ (x)
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U� (x)

U� (x + a�̂ )

Uy
� (x + a�̂ )

Uy
� (x)

x x + a�̂

x + a�̂ + a�̂x + a�̂

Figure 35: The plaquettevariable is the product of the contributing link variables

The basictoolsarenow introducedto work on the lattice. A ¯rst calculation is
the naive continuum limit (a ! 0) of the lattice action, which hasto be achieved
as mentioned before. The calculation is presented in the next subsection.

Wilson Action and Naiv e Con tin uum Limit

The action proposedby Wilson is de¯ned by

S[U] ´
X

p

Sp(Up) =
X

p

¡ ¯
µ

1
2N

¡
tr (U) + tr (U¡ 1) ¡ 1

¢
¶

= ¯
X

p

·
1 ¡

1
2N

¡
tr (U) + tr (U¡ 1)

¢
¸

.

In order to ¯nd a relation betweenthe action S[U] proposedby Wilson and
the Yang-Mills action of the continuum theory, the following quantities are used

gauge¯eld: A ¹ (x) =
X

b

¡ igAb
¹ (x)Tb

link variable: U¹ (x) = e¡ aA ¹ (x ) .

The discretederivative can be written as

Aº (x + a¹̂ ) = Aº (x) + a¢ f
¹ Aº (x), (131)

which will be usedto ¯nd the Yang-Mills action.
Another tool for the calculation is the Campbell-Baker-Hausdor®formula

ex ey = ex+ y+ 1
2 [x ;y ]+ :::. (132)
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The ¯rst step is to ¯nd another expressionfor the plaquette variable Up.

Up = Ux;¹º

= Uy
º (x) Uy

¹ (x + aº̂ ) Uº (x + a¹̂ ) U¹ (x)

= e¡ aA ¡ º (x+ aº̂ ) e¡ aA ¡ ¹ (x+ a¹̂ + aº̂ ) e¡ aA º (x+ a¹̂ ) e¡ aA ¹ (x )

= e¡ a(¡ A º (x )) e¡ a(¡ A ¹ (x+ aº̂ )) e¡ aA º (x+ a¹̂ ) e¡ aA ¹ (x )

= eaA º (x ) eaA ¹ (x+ aº̂ ) e¡ aA º (x+ a¹̂ ) e¡ aA ¹ (x )

Hereit hasbeenusedthat A ¡ º (x+ aº̂ ) = ¡ A º (x). By applying the approximation
(131)

Up = eaA º (x ) ea(A ¹ (x )+ a ¢ f
º A ¹ (x )) e¡ a(A º (x )+ a ¢ f

¹ A º (x )) e¡ aA ¹ (x )

= eaA º (x ) eaA ¹ (x )+ a2 ¢ f
º A ¹ (x ) e¡ aA º (x )¡ a2 ¢ f

¹ A º (x ) e¡ aA ¹ (x )

(132)
= eaA º (x )+ aA ¹ (x )+ a2 ¢ f

º A ¹ (x )+ 1
2 [aA º (x );aA ¹ (x )+ a2 ¢ f

º A ¹ (x )]+

+ e¡ aA º (x )¡ a2 ¢ f
¹ A º (x )¡ aA ¹ (x )+ 1

2 [¡ aA º (x )¡ a2 ¢ f
¹ A º (x );¡ aA ¹ (x )]

= eaA º (x )+ aA ¹ (x )+ a2 ¢ f
º A ¹ (x )+ a2

2 [A º (x );A ¹ (x )]+ a3

2 [A º (x );¢ f
º A ¹ (x )]+

+ e¡ aA º (x )¡ a2 ¢ f
¹ A º (x )¡ aA ¹ (x )+ a2

2 [A º (x );A ¹ (x )]+ a3

2 [¢ f
¹ A º (x );A ¹ (x )]

= eaA º (x )+ aA ¹ (x )+ a2 ¢ f
º A ¹ (x )+ a2

2 [A º (x );A ¹ (x )]+ O(a3 )+

+ e¡ aA º (x )¡ a2 ¢ f
¹ A º (x )¡ aA ¹ (x )+ a2

2 [A º (x );A ¹ (x )]+ O(a3 )

(132)
= eaA º (x )¡ aA º (x )+ aA ¹ (x )¡ aA ¹ (x )+ a2 ¢ f

º A ¹ (x )¡ a2 ¢ f
¹ A º (x )+ 2 a2

2 [A º (x );A ¹ (x )]+

+ 1
2

h
a(A º (x)+ A ¹ (x))+ a2 ¢ f

º A ¹ (x)+ a2

2 [A º (x);A ¹ (x)] ;¡ a(A º (x)+ A ¹ (x)) ¡ a2 ¢ f
¹ A º (x)+ a2

2 [A º (x);A ¹ (x)]
i
+

+ O(a3 )

= e¡ a2 (¢ f
¹ A º (x )¡ ¢ f

º A ¹ (x ))+ a2 [A º (x );A ¹ (x )]¡ a2

2 [A º (x );A ¹ (x )]¡ a2

2 [A ¹ (x );A º (x )]+ O(a3 )

= e¡ a2 (¢ f
¹ A º (x )¡ ¢ f

º A ¹ (x )¡ [A º (x );A ¹ (x )])+ a2

2 [A ¹ (x );A º (x )]¡ a2

2 [A ¹ (x );A º (x )]+ O(a3 )

= e¡ a2 (¢ f
¹ A º (x )¡ ¢ f

º A ¹ (x )+[ A ¹ (x );A º (x )])+ O(a3 )

With
G¹º (x) = F¹º (x) + O(a3),

where
F¹º (x) = ¢ f

¹ Aº (x) ¡ ¢ f
º A ¹ (x) + [A ¹ (x); Aº (x)]
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oneobtains
Up = e¡ a2 G¹º (x ) . (133)

The trace of the plaquette then is

tr (Up) + tr (U¡ 1
p ) = tr

³
e¡ a2 G¹º (x )

´
+ tr

³
ea2 G¹º (x )

´

= tr
µ

1 ¡ a2G¹º (x) +
a4

2!
G2

¹º (x) + O(a5)
¶

+

+ tr
µ

1 + a2G¹º (x) +
a4

2!
G2

¹º (x) + O(a5)
¶

= tr (1) ¡ tr
¡
a2G¹º (x)

¢
+ tr

µ
a4

2!
G2

¹º (x)
¶

+

+ tr (1) + tr
¡
a2G¹º (x)

¢
+ tr

µ
a4

2!
G2

¹º (x)
¶

+ O(a5)

= 2tr (1) + a4 tr
¡
G2

¹º (x)
¢

+ O(a5).

By using G2
¹º (x) = F 2

¹º (x) + O(a),

tr (Up) + tr (U¡ 1
p ) = 2tr (1) + a4 tr

¡
F 2

¹º (x) + O(a)
¢

+ O(a5)

= 2tr (1) + a4 tr
¡
F 2

¹º (x)
¢

+ O(a5).

This result is inserted in the Wilson action:

S[U] =
X

p

Sp(Up) =
X

p

¯
µ

1 ¡
1

2tr (1)

¡
tr (Up) + tr (U¡ 1

p )
¢
¶

=
X

p

¯
µ

1 ¡
1

2tr (1)

¡
2tr (1) + a4 tr

¡
F 2

¹º (x)
¢

+ O(a5)
¢
¶

=
X

p

¯
µ

¡
a4

2tr (1)
tr

¡
F 2

¹º (x)
¢

+ O(a5)
¶

= ¡ ¯
X

p

a4

2N
tr

¡
F 2

¹º (x)
¢

+ O(a5).

The sum can be written as
X

p

tr
¡
F 2

¹º (x)
¢

=
X

x

X

1· ¹<º · 4
| {z }

only one orientation

tr
¡
F 2

¹º (x)
¢

=
1
2

X

x;¹;º
|{z}

all possible orientations

tr
¡
F 2

¹º (x)
¢
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and

S[U] = ¡
¯
2

X

x;¹;º

a4

2N
tr

¡
F 2

¹º (x)
¢

+ O(a5)

= ¡
¯

4N

X

x

a4 tr (F¹º (x) F ¹º (x)) + O(a5).

The scalarproduct on the lattice is given by
R

f (x)g(x)dx lattice¡ !
P

x a4f (x)g(x).
One ¯nds for small a

S[U] = ¡
¯

4N

Z
tr (F¹º (x) F ¹º (x)) + O(a5) d4x.

By identifying ¯ = 2N
g2 , onerecovers the Yang-Mills action

S[U] = ¡
1

2g2

Z
d4x tr (F¹º (x) F ¹º (x)) + O(a5). (134)

In lattice QCD simulations, ¯ is the parameter,which can be tuned. The lat-
tice spacingthen is determined by the Callan-Symanzikequation, the so-called
¯ -function. This will be discussedin more details in the report by Bruno Kng.

Gauge Transformations on the Lattice

The next major point for the theory on the lattice is gaugeinvariance. As men-
tioned before,exact local gaugeinvarianceis required.

On the lattice the gaugetransformation of a link is given by

U¹ (x) ¡ ! U0
¹ (x) = ­( x + a¹̂ ) U¹ (x) ­ y(x) (135)

and for the plaquette variable by

U(@p) ¡ ! U0(@p) = ­( x) U(@p) ­ y(x).

The gaugeinvariant object on the lattice is the trace over the colour indices
of a phasefactor.

tr U(@p)
g:t:

¡ ! tr U0(@p) = tr U(@p)

This is veri¯ed in the following calculation.
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U� (x)

U� (x + a�̂ )

Uy
� (x + a�̂ )

Uy
� (x)


( x) 
( x + a�̂ )


( x + a�̂ + a�̂ )
( x + a�̂ )

Figure 36: The links of a plaquette and the gaugetransformation of the sites

The lattice gaugetransformation is applied to every site of the plaquette. Re-
membering the de¯nition of the plaquetteand the phasefactor onegetswith (135)

tr U0(@p) = tr

2

4­( x) Uy
º (x) ­ y(x + aº̂ )­( x + aº̂ )

| {z }
=1

Uy
¹ (x + aº̂ ) ¢

¢­ y(x + a¹̂ + aº̂ )­( x + a¹̂ + aº̂ )
| {z }

=1

Uº (x + a¹̂ )¢

¢­ y(x + a¹̂ )­( x + a¹̂ )
| {z }

=1

U¹ (x) ­ y(x)

3

5

= tr
£
­( x) Uy

º (x) Uy
¹ (x + aº̂ ) Uº (x + a¹̂ ) U¹ (x) ­ y(x)

¤

= tr
£
Uy

º (x) Uy
¹ (x + aº̂ ) Uº (x + a¹̂ ) U¹ (x) ­ y(x) ­( x)

¤

= tr U(@p)

Wilson loops

In order to show con¯nement on the lattice, a few more quantities have to be
introduced.

² lattice contour C
A lattice contour is the generalisationof @p.
C = f x; ¹ 1; : : : ; ¹ ng
Where x is the starting lattice site and ¹ i the direction on the lattice.



Dynamical mean-¯eld theory 77

² lattice phasefactor U(C)
This is the corresponding phasefactor of a lattice contour C.
U(C) = U¹ n (x + a¹̂ 1 + : : : + a¹̂ n¡ 1) : : : U¹ 2 (x + a¹̂ 1) U¹ 1 (x)

Figure 37: A closedlattice contour

² Wilson loop
A Wilson loop is de¯ned by
CW := tr U(C)
whereC is a closedlattice contour, i.e. ¹̂ 1 + : : : + ¹̂ n = 0

² Wilson loop expectation value
The expectation value of a Wilson loop is introducedas

W(C) := h
1
N

tr (U(C)) i =
1

Z(¯ )

Z Y

x;¹

dU¹ (x)e¡ ¯ S[U] 1
N

tr (U(C))

Where C: closedlattice contour

e¡ ¯ S[U]: Boltzmann weight, S[U]: Wilson action

Z(¯ ): Partition function (normalisation factor)

Z (¯ ) =
Z Y

x;¹

dU¹ (x)e¡ ¯ S[U]

One can ask why links are used to describe Euclidean ¯elds on the lattice.
The major point is:
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By putting the gauge¯elds on links, one can construct exact gaugeinvariance
and achieve the continuum action in the naive continuum limit a ! 0.

All the necessaryterms and de¯nitions are introducednow. In this formula-
tion it is possibleto show con¯nement in the strong-couplinglimit analytically.
The next section will introduce the strong-coupling limit and con¯nement is
shown by calculatingWilson loop expectation values.For this the strong-coupling
expansionis used.

4 Wilson Lo ops and the Strong-coupling Expansion

Strong In teraction

The strong forcedescribesthe interaction betweencolour chargedparticlesasthe
quarks and gluons. The basic idea of this interaction is illustrated consideringa
two particle example.
Two static particles with colour charge(chargeand anticharge)are separatedby
a distanceR. The interaction takesplacetrough the exchangeof gluons. Because
of the sel¯nteraction of the gluons, they are squeezedinto a °ux tube along the
connecting line. This exchangebuilds a colour °ux between the two particles,
located in the so called colour °ux tube.

Figure 38: Interaction of colour chargedparticles and the °ux tube

From a "classical point of view", imagine to insert a colour charged sample
particle. This chargedoesnot feel the potential of the two static chargesoutside
the °ux tube. That means,that the interaction is concentrated into the °ux tube
, and the tube is thin comparedto its length.
This examplecan now be related to Wilson loops. The straight spatial connec-
tion betweenthe two static chargescan be identi¯ed as a part of a rectangular
Wilson loop. The whole rectangular Wilson loop is then interpreted as
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² "initial state"at ¿ = 0: two particlescreated: q at x = 0 and ¹q at x = R

² the state of this two particles evolvesduring time T (imaginary)

² "¯nal state"at ¿ = T: two particles are annihilated: q at x = 0 and ¹q
at x = R

(0; 0) (R; 0)

(R; T)(0; T)

x

�

Figure 39: A rectangular Wilsoon loop and the interpretation of two particles
being createdand annihilated

Euclidean quantum mechanics tells us, if T is large enough,only the ground
state of the systemremains. This groundstate is calledthe static potential V(R).
To introduce the notion of the static potential, which is neededto make state-
ments about con¯nement and the Wilson loops, a Hamiltonian formulation is
considered.
Supposethe Hilbert spaceand its Hamiltonian of this system. The Hilbert space
is spannedby an orthonormal eigenbasis ª (n)(R). Let E0 < E1 < : : : be the
energyeigenvaluesand E0 the ground state energy(static potential).
The time evolution of such an eigenstategives

hª (n)(R)jT̂
T
jª (n)(R)i = e¡ En (R)T ,

whereT̂ is the transfer operator T̂ =
P 1

n=0 jª (n)(R)i e¡ En (R)hª (n)(R)j.

An arbitrary state ©(R) is a linear combination of the eigenstates:

j©(R)i =
X

n

hª (n)(R)j©(R)ij ª (n)(R)i .
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The time evolution of this state gives

h©(R)jT̂ T j©(R)i =
X

n

jh©(R)jª (n)(R)ij 2 e¡ En (R)T =:
X

n

cn e¡ En (R)T .

For large time T onecan write

h©(R)jT̂ T j©(R)i »
T !1

c0 e¡ E0 (R)T = c0 e¡ T V (R) . (136)

The two particles examplein this Hamiltonian formulation canbe interpreted
as:

² static chargeand static anticharge

² createdat Euclidean time ¿ = 0, forming a state ©

² annihilated at time ¿ = T.

This processcan be expressedas a Wilson loop W(R £ T), therefore

h©(R)jT̂ T j©(R)i = W(R £ T). (137)

With (136) and (137) one¯nds a relation for the static potential:

V(R) = ¡ lim
T !1

1
T

ln W(R £ T)

Area Law

In the last subsectionit has been shown that the following relation holds for
rectangular Wilson loops

W(R £ T) »
T !1

C e¡ T V (R)

One can numerically observe, that V(R) grows linearly for large R.

V(R) » ®R
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Figure 40: The static potential

The behaviour of the static potential V(R) will be computed in the strong-
coupling limit, which implies a constant force.

The constanceof the force meansthat in¯nitely much energy is neededto
separatetwo colour chargedparticles , No singlequarks can exist.

This is what is calledcon¯nemen t and it is equivalent to the fact that large
Wilson loopsobey the Area law.

W(R £ T) »
T !1

C e¡ ®RT

W(R £ T) »
T !1

C e¡ V (R) T

Strong-coupling Expansion

To show con¯nement in the lattice gaugetheory a way hasto befound to calculate
Wilson expectation values. Standard pertubartive approaches are not possible
since, the natural expansionparameter, the coupling constant g, is not small.
The solution is the restriction to the regime of large g. This regime is called
the strong-couplinglimit. In the strong-couplinglimit it is possibleto calculate
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Wilson expectation valuesanalytically using the strong-couplingexpansion.
For analytic calculations the strong-coupling limit is neededto achieve results.
But for numerical calculationsevery ¯ is possiblefor a simulation.
The strong-coupling expansionis an expansionin powers of 1

g2 , which can be
interpreted as an expansionin ¯ , as seenin the naive continuum limit.
The procedureis as follows:

² expandexponential function in powersof ¯ in the expectation value

hÔi =
1
Z

Z
dUe¡ ¯ S[U]Ô

Z = Z(¯ ) also is expanded.

² Con¯nement is calculated in leading order.

In the next part the mathematical derivation of Wilson expectation values
using strong coupling expansionis presented. After the analytic calculation a
graphical method to simplify the calculation of larger loops is introduced.

Plaquette Exp ectation Value

The Wilson action on the lattice is usedfor calculations

Slatt [U] =
X

p

·
1 ¡

1
N

Re(tr (U(@p)))
¸

= ¡
X

p

1
N

Re(tr (U(@p))).

This can be rewritten as

Slatt [U] =
1
2

X

p

1
N

tr (U(@p) + Uy(@p)) =
1
2

X

p

1
N

tr (U(@p)) +
1
N

tr (Uy(@p)).

The partition function in this lattice gaugetheory is de¯ned by

Z(¯ ) =
Z Y

x;¹

dU¹ (x) e¡ ¯ S[U ].

As preparation for calculations in SU(N), the integration rules have to be
considered.The following identities can be found and will be used:
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Z
dg = 1 (138)

Z
dg gij = 0 (139)

Z
dg gy

ij = 0 (140)
Z

dg gij gkl = 0 (141)
Z

dg gy
ij gy

kl = 0 (142)
Z

dg gij gy
kl =

1
N

±il ±j k (143)
Z

dU¹ (x) [U¹ (x)]ij [Uy
º (y)]kl =

1
N

±xy ±¹º ±il ±j k . (144)

Formula (138) comesfrom the de¯nition of the Haar measure.For the integration
of link matrices U¹ (x) 2 SU(N ) the identit y (144) is important. This formula
is analogousto equation (143) but with respect to the lattice site (±xy ) and the
direction of the link (±¹º ).

An important quantit y on the lattice is the averageof a Wilson loop C which
is de¯ned by

W(C) :=
¿

1
N

tr (U(C))
À

=
1

Z(¯ )

Z Y

x;¹

dU¹ (x) e¡ ¯ S[U ] 1
N

tr (U (C)).

The simplest Wilson loop averageis the so called plaquette averageof the
plaquette p. The boundary of the plaquette p, which is builded by a set of four
links, is denotedas @p.

W(@p) =
¿

1
N

tr (U(@p))
À

=
1

Z(¯ )

Z Y

x;¹

dU¹ (x) e¡ ¯ S[U ] 1
N

tr (U (@p))

In order to evaluate this average,the exponential of the action is expanded.
For the plaquette averageonly ¯rst order terms are required.

e¡ ¯ S[U ] = 1 + ¯
1
2

X

p0

1
N

tr (U (@p0)) +
1
N

tr (U y(@p0)) + O(¯ 2 ) (145)



84 Numerical Methods in CondensedMatter and Lattice GaugeSystems

The ¯rst step is to calculate the normalisation factor. For the exponential of
the action, only the ¯rst order terms of the expansion(145) are used.

Z (¯ ) =
Z Y

x;¹

dU¹ (x) e¡ ¯ S[U ]

=
Z Y

x;¹

dU¹ (x)

"

1 + ¯
1
2

X

p0

1
N

tr (U(@p0)) +
1
N

tr (Uy(@p0))

#

=
Z Y

x;¹

dU¹ (x) ¢1

| {z }
=1 according to (138)

+
Z Y

x;¹

dU¹ (x) ¯
1
2

X

p0

1
N

tr (U(@p0)) +
1
N

tr (Uy(@p0))

= 1 +
¯

2N

Z Y

x;¹

dU¹ (x)
X

p0

tr (U(@p0)) + tr (Uy(@p0))

= 1 +
¯

2N

X

p0

" Z Y

x;¹

dU¹ (x) tr (U(@p0)) +
Z Y

x;¹

dU¹ (x) tr (Uy(@p0))

#

= 1 +
¯

2N

X

p0

" Z Y

x;¹

dU¹ (x)
X

i

[U(@p0)]ii +
Z Y

x;¹

dU¹ (x)
X

i

[Uy(@p0)]ii

#

= 1 +
¯

2N

X

p0

2

6
6
6
6
4

X

i

Z Y

x;¹

dU¹ (x) [U(@p0)]ii

| {z }
=0

+
X

i

Z Y

x;¹

dU¹ (x) [Uy(@p0)]ii

| {z }
=0

3

7
7
7
7
5

At this point the identities for integration over link matrices in SU(N) ((139),
(140)) wereused,sinceU(@p0) 2 SU(N ).
It follows

Z(¯ ) = 1. (146)

This result is usedto calculate the Wilson plaquette average.In this example,it
is su±cient to expande¡ ¯ S[U] to ¯rst order.

W(@p) =
1

Z(¯ )

Z Y

x;¹

dU¹ (x) e¡ ¯ S[U ] 1
N

tr (U (@p))

=
Z Y

x;¹

dU¹ (x)

"

1 + ¯
1
2

X

p0

1
N

tr (U(@p0)) +
1
N

tr (Uy(@p0))

#
1
N

tr (U(@p))
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=

" Z Y

x;¹

dU¹ (x) +
¯

2N

Z Y

x;¹

dU¹ (x)
X

p0

tr (U(@p0)) + tr (Uy(@p0))

#

¢

¢
1
N

tr (U(@p))

=
1
N

Z Y

x;¹

dU¹ (x) tr (U(@p))+

+
¯

2N

Z Y

x;¹

dU¹ (x)

"
X

p0

tr (U(@p0)) + tr (Uy(@p0))

#
1
N

tr (U(@p))

=
1
N

X

i

Z Y

x;¹

dU¹ (x) [U(@p)] ii

| {z }
=0 according to equation (139)

+

+
¯

2N

Z Y

x;¹

dU¹ (x)

"
X

p0

tr (U(@p0)) + tr (Uy(@p0))

#
1
N

tr (U(@p))

=
¯

2N 2

Z Y

x;¹

dU¹ (x)
X

p0

tr (U(@p0)) tr (U(@p)) + tr (Uy(@p0)) tr (U(@p))

The phasefactor of the observed plaquette p is de¯ned by:

U(@p) = U! (y)U½(y + a!̂ )U¹ (y + a!̂ + a½̂)Uº (y + a!̂ + a½̂+ a¹̂ )

where !̂ + ½̂+ ¹̂ + º̂ = 0.

U! (y)

U� (y + a!̂ )

U� (y + a!̂ + a�̂ )

U� (y + a!̂ + a�̂ + a�̂ )

y y + a!̂

y + a!̂ + a�̂y + a!̂ + a�̂ + a�̂

Figure 41: The links which form the boundary of the plaquette
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Applying this leadsto

W(@p) =
¯

2N 2

Z Y

x;¹

dU¹ (x)
hX

p0

tr [U(@p0)] tr [U! (y)U½(y + a!̂ )¢

¢U¹ (y + a!̂ + a½̂)Uº (y + a!̂ + a½̂+ a¹̂ )] + tr [Uy(@p0)]¢

¢tr [U! (y)U½(y + a!̂ )U¹ (y + a!̂ + a½̂)Uº (y + a!̂ + a½̂+ a¹̂ )]
i
.

(147)

The integral over a product of two link matrices is di®erent from zero, only
whenthe secondlink is the oppositedirection of the ¯rst. Analogouslythis is true
for a plaquette. Therefore,only the plaquette @p0 with the opposite orientation
of @p givesa contribution to the Wilson average.This cancelsout the ¯rst term
in the sum over all @p0 in (147).
For the Wilson averageof the plaquette @p

W(@p) =
¯

2N 2

Z Y

x;¹

dU¹ (x)¢

¢tr [Uy(@p0)] tr [U! (y)U½(y + a!̂ )U¹ (y + a!̂ + a½̂)Uº (y + a!̂ + a½̂+ a¹̂ )].

The de¯nition of tr [Uy(@p0)] for the opposite direction of the plaquette @p is
inserted:

W(@p) =
¯

2N 2

Z Y

x;¹

dU¹ (x)¢

h
tr [Uy

º (y + a!̂ + a½̂+ a¹̂ )Uy
¹ (y + a!̂ + a½̂)Uy

½(y + a!̂ )Uy
! (y)]¢

¢tr [U! (y)U½(y + a!̂ )U¹ (y + a!̂ + a½̂)Uº (y + a!̂ + a½̂+ a¹̂ )]
i
.

(148)

In order to simplify this, an index-sensitive formulation for the trace has to
be found.
Let A = (aij ), B = (bij ), C = (cij ), D = (dij ) be n £ n-matrices. The matrix
multiplication is de¯ned by

(A ¢B) ij =
X

k

aik bkj .

Using this, larger products can be written as
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((A ¢B) ¢C) lm =
X

n

Ã
X

k

alk bkn

!

cnm

(((A ¢B) ¢C) ¢D)op =
X

q

Ã
X

n

Ã
X

k

aok bkn

!

cnq

!

dqp

=
X

q

X

n

X

k

aok bkn cnq dqp.

Applying this to the trace gives

tr (A ¢B ¢C ¢D) =
X

o= p

X

q

X

n

X

k

aok bkn cnq dqp

=
X

o

X

q

X

n

X

k

aok bkn cnq dqo

=
X

o;q;n;k

aok bkn cnq dqo.

By inserting into (148),

W(@p) =
¯

2N 2

Z Y

x;¹

dU¹ (x) ¢

¢

Ã
X

®;¯ ;° ;±

[Uy
º (y + a!̂ + a½̂+ a¹̂ )]®¯ [Uy

¹ (y + a!̂ + a½̂)]¯ ° [Uy
½(y + a!̂ )]° ±[Uy

! (y)]±®

!

¢

¢

Ã
X

a;b;c;d

[U! (y)]ab[U½(y + a!̂ )]bc[U¹ (y + a!̂ + a½̂)]cd[Uº (y + a!̂ + a½̂+ a¹̂ )]da

!

=
¯

2N 2

Z Y

x;¹

dU¹ (x)¢

¢
X

®;¯ ;° ;±

X

a;b;c;d

h
[Uy

º (y + a!̂ + a½̂+ a¹̂ )]®¯ [Uy
¹ (y + a!̂ + a½̂)]¯ ° [Uy

½(y + a!̂ )]° ±¢

¢[Uy
! (y)]±®[U! (y)]ab[U½(y + a!̂ )]bc[U¹ (y + a!̂ + a½̂)]cd[Uº (y + a!̂ + a½̂+ a¹̂ )]da

i

=
¯

2N 2

Z Y

x;¹

dU¹ (x)
X

®;¯ ;° ;±

X

a;b;c;d

[U! (y)]ab[Uy
! (y)]±® [U½(y + a!̂ )]bc[Uy

½(y + a!̂ )]° ±¢

¢[U¹ (y + a!̂ + a½̂)]cd[Uy
¹ (y + a!̂ + a½̂)]¯ ° ¢

¢[Uº (y + a!̂ + a½̂+ a¹̂ )]da[Uy
º (y + a!̂ + a½̂+ a¹̂ )]®¯
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=
¯

2N 2

Z
fY

x;¹
dU¹ (x)

| {z }
=1 according to (138)

¢
X

®;¯ ;° ;±

X

a;b;c;d

· Z
dU! (y) [U! (y)]ab[Uy

! (y)]±®¢

¢
Z

dU½(y + a!̂ ) [U½(y + a!̂ )]bc[Uy
½(y + a!̂ )]° ±¢

¢
Z

dU¹ (y + a!̂ + a½̂) [U¹ (y + a!̂ + a½̂)]cd[Uy
¹ (y + a!̂ + a½̂)]¯ ° ¢

¢
Z

dUº (y + a!̂ + a½̂+ a¹̂ ) [Uº (y + a!̂ + a½̂+ a¹̂ )]da¢

¢[Uy
º (y + a!̂ + a½̂+ a¹̂ )]®¯

¤

(144);(138)
=

¯
2N 2

1 ¢
X

®;¯ ;° ;±

X

a;b;c;d

1
N

±a®±b±
1
N

±b±±c°
1
N

±c° ±d¯
1
N

±d¯ ±a®

=
¯

2N 2

1
N 4

N 4 (149)

=
¯

2N 2
.

In (149) the combinatorics of 4 elements with N possibilitieshasbeenused.
The result for SU(2) di®ersby a factor of 2. This is due to the equivalenceof the
2 orientations of the plaquette: Both terms in (147) contribute equally:

W(@p) =

(
¯

2N 2 ; for N 6= 2
¯
4 ; for N = 2 .

Rectangular Wilson Lo ops

The next step is to ¯nd an expressionfor the Wilson averageof a rectangular
loop. In order to ¯nd a generalformula for a rectangular loop of the dimension
R ¢T (in units of the squaredlattice spacing,a2), an exampleis calculated. The
easiestcaseis R = 1 and T = 2. The ¯rst order terms of the expansion(145) do
not su±ce anymore. This Wilson loop contains the product of 6 link matrices.
This meansthat a singleplaquette, which contains 4 links, is not enoughto have
every link encountered twice, once in every direction. The lowest order of the
expansion,which givesmore than 6 links, is the secondorder. The lower order
terms vanish after integration.
The normalisation changes,sincethe secondorder expansionof the exponential
contains the product of two plaquettes. This meansthat there is a contribution
in Z (¯ ) of the plaquettes in the sum. The contribution of this integrals can be
compensatedby usinghigherorder terms of the expansionof the numerator. This
terms from the numerator cancelthe additional contribution of the normalisation
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factor. That method works for every order.

W(1 ¢2) =
1

Z(¯ )
| {z }

=1 as seen in (146)

Z Y

x;¹

dU¹ (x)

"

1 + ¯
1
2

X

~p

1
N

tr (U(@~p)) +
1
N

tr (Uy(@~p))+

+
¯ 2

2!

Ã
1
2

X

p0

1
N

tr (U(@p0)) +
1
N

tr (Uy(@p0))

!

¢

¢

Ã
1
2

X

p00

1
N

tr (U(@p00)) +
1
N

tr (Uy(@p00))

! #
1
N

tr (U(1 ¢2))

=
Z Y

x;¹

dU¹ (x)

"
1
N

tr (U(1 ¢2)) +

Ã

¯
1
2

X

~p

1
N

tr (U(@~p))

!

¢
1
N

tr (U(1 ¢2))

| {z }
=0 when integrated

+

+

Ã
¯ 2

2!

Ã
1
2

X

p0

1
N

tr (U(@p0)) +
1
N

tr (Uy(@p0))

! !

¢

¢

Ã
1
2

X

p00

1
N

tr (U(@p00)) +
1
N

tr (Uy(@p00))

!!

¢
1
N

tr (U(1 ¢2))

#

=
Z Y

x;¹

dU¹ (x)

"
¯ 2

2!

Ã
1

2N

X

p0

tr (U(@p0)) + tr (Uy(@p0))

!

¢

¢

Ã
1

2N

X

p00

tr (U(@p00)) + tr (Uy(@p00))

!

¢
1
N

tr (U(1 ¢2))

#

=
¯ 2

2!
1

2N
1

2N
1
N
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x;¹

dU¹ (x)
X

p0

X

p00

£¡
tr (U(@p0)) + tr (Uy(@p0))

¢
¢

¢
¡
tr (U(@p00)) + tr (Uy(@p00))

¢
¢tr (U(1 ¢2))

¤

=
¯ 2

2!
1

22N 2+1

Z Y

x;¹

dU¹ (x)
X

p0

X

p00

h³
tr (U(@p0)) tr (U(@p00))+

+ tr (U(@p0)) tr (Uy(@p00)) + tr (Uy(@p0)) tr (U(@p00))+

+ tr (Uy(@p0)) tr (Uy(@p00))
´

¢tr (U(1 ¢2))
i
.

Only terms with tr (Uy)tr (Uy) give a nonvanishing contribution, sinceonly they
contain all the links from tr (U(1 ¢2)) but with opposite orientation. In caseof
SU(2) the two orientations areequivalent. Soevery term tr (U# 1 (@p0)) tr (U# 2 (@p00))
gives a contribution to the calculation, regardlessof # 1;2 = 1 or # 1;2 = y. In
generalthis is a factor of 2RT . In the sum there are only two plaquettes@p1 and
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@p2. This reducesthe formula to

W(1 ¢2) =
¯ 2

2!
1

22N 2+1

Z Y

x;¹

dU¹ (x)
X

p0

X

p00

tr (Uy(@p0)) tr (Uy(@p00)) ¢tr (U(1 ¢2)).

=
¯ 2

2!
1

22N 2+1

Z Y

x;¹

dU¹ (x)
£
tr (Uy(@p1)) tr (Uy(@p1))+

+ tr (Uy(@p1)) tr (Uy(@p2)) + tr (Uy(@p2)) tr (Uy(@p1))+

+ tr (Uy(@p2)) tr (Uy(@p2))
¤

¢tr (U(1 ¢2))

The terms with two times the sameplaquette give no contribution, since they
don't contain all the links from the consideredWilson loop. To calculateexplic-
itly the link matrices are inserted as de¯ned in ¯gure 42.

U1 U2

U4U5

U3U6 U7

Figure 42: The 1 £ 2 Wilson loop

W(1 ¢2) =
¯ 2

2!
1

22N 2+1

Z Y

x;¹

dU¹ (x)
h
tr (Uy

6Uy
5Uy

7Uy
1) tr (U7Uy

4Uy
3Uy

2)+

+ tr (U7Uy
4Uy

3Uy
2) tr (Uy

6Uy
5Uy

7Uy
1)

i
¢tr (U1U2U3U4U5U6)
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=
¯ 2

2!
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22N 2+1
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dU¹ (x)
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7 Uyda

1

X

e;f ;g;h
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=
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a;b;c;d

X

e;f ;g;h

X

q;r ;s;t;u;v

¢

¢
h
Uyab

6 Uybc
5 Uycd

7 Uyda
1 Uef

7 Uyf g
4 Uygh

3 Uyhe
2 Uqr

1 Ur s
2 Ust
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=
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=
¯ 2
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1

22N 2+1

Z Y

x;¹

dU¹ (x) 2!
X

a;b;c;d

X

e;f ;g;h

X

q;r ;s;t;u;v

¢

¢
1
N

±qa±r d
1
N

±r e±sh
1
N

±sh±tg
1
N

±tg±uf
1
N

±uc±vb
1
N

±vb±qa
1
N

±ed±f c.

Consideringall the indicesof the Kronecker-±s one seesthat there are 6 indices
which can be choosen.Every index hasN di®erent values. This givesa factor of
N 6 in the calculation.

W(1 ¢2) =
¯ 2

2!|{z}
=̂ ¯ R T

( R T )!

1
22N 2+1

2!
1

N 7
N 6
|{z}

=̂ N 2( R + T )

Z
fY

x;¹
dU¹ (x)

| {z }
=1

=
¯ 2

(2N 2)2

=
µ

¯
2N 2

¶ 2

= (W(@p))2

Graphical Approac h

As seenbefore, the calculation for a Wilson expectation value of rectangular
loopscan becomequite complicatedfor larger loops. With the graphical method
presented in this subsection,it is possibleto simplify the calculation a lot.
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Figure 43: 2 £ 2-Wilson loop

Let us illustrate the approach on a 2 £ 2-Wilson loop. Its expectation value
is given by

W(2 £ 2) =
1

Z(¯ )

Z Y

x;¹

dU¹ (x) e¡ ¯ S[U] 1
N

tr U(2 £ 2)

=
1

Z(¯ )

Z Y

x;¹

dU¹ (x)

"

1 + ¯
1
2

X

p0

1
N

tr U(@p0) +
1
N

tr Uy(@p0) + : : :

#

¢

¢
1
N

tr U(2 £ 2)

Every link in C needsto appear twice. That meansthat one has to expand
the exponential of the action to the order 2 ¢2, which correspondsto the areaof
the loop in therms of a2.
This givesa factor of

¡ ¯
2N

¢4
to the expectation value.

From the observed Wilson loop, onegetsa factor of 1
N as a contribution.

For every link in the areaenclosedby C, there is an integration which gives 1
N ±±.

This meansa factor of
¡

1
N

¢# links
=

¡
1
N

¢12
for the expectation value.

The Wilson expectation valuecontains the sumover every index of the Kronecker-
Deltas from the trace. This contribution will now be consideredin details.

Let us have a look at the top left corner of the loop (¯gure 44).
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a
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b
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h � �

Figure 44: Top left corner of the Wilson loop

Only consideringthis lattice site, the contribution is:P N
a=1

P N
®=1 ±a® = N .

The site in the middle of the area(¯gure 45) is more complicated. Using the
integration rules oneobtainsP

°

P
±0

P
®000

P
¯ 00±° ±0±±0®000±®000̄ 00±̄ 00° = N .






� 0

� 0

� 00

� 00
� 000

� 000

Figure 45: Lattice site in the middle
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In general,every site in the area, enclosedby the loop, contributes a factor
of (N )# sites = N 9. In total, this givesfor the 2£ 2-Wilson loop expectation value:

W(2 £ 2) =
µ

¯
2N

¶ 4 1
N

µ
1
N

¶ 12

N 9 =
µ

¯
2N 2

¶ 4

= (W(@p))4

This calculation works for every rectangular loop. One ¯nds the generalfor-
mula of the Wilson expectation value of a rectangular loop with dimensionsR
and T

W(R £ T) =
µ

¯
2N 2

¶ RT

5 Conclusions

This result from the calculation of the expectation value shows, that large rect-
angular Wilson loops follow the mentioned Area Law (seesection4).
And this means,that con¯nement is achieved in the Wilson formulation of Eu-
clidean ¯eld theory on the lattice in the strong-coupling limit. Unfortunately,
this is not the physical limit.



From strong to weak coupling by
Mon te Carlo simulations:
towards the contin uum limit

Bruno K Äung
Supervisor: Biagio Lucini

In this contribution I will discussthe problemof approaching the
continuum limit in lattice QCD. After introducing the formalism,
I will turn to the basicprinciplesof Monte Carlo simulations and
discusstwo algorithms, Metropolis and heat bath. The technique
for renormalizing the theory will be explained and an example
of a computer calculation will be presented to demonstratethe
matching of lattice theory and continuum perturbation theory.

1 In tro duction

As a part of today's standardmodel for particle physics,quantum chromodynam-
ics (QCD) is believed to be the theory that describesthe strong interaction and
the involved particles, quarksand gluons. It is a non-abelian gaugetheory, based
on the fundamental SU(3) color symmetry which was postulated 1965by Moo-
Young Han and Yoichiro Nambu to allow classi¯cation of the light hadrons. In
1973,Gross,Politzer and Wilczek proved with perturbative methods that QCD
had the property of asymptotic freedom which says that the coupling strength
approacheszerofor high energiesin a slow, logarithmic way. It is this very prop-
erty that makesperturbation theory applicable only at high energies.However,
interesting low-energyfeatures,such as hadron massesor con¯nement, must be
studied with alternative techniques.

Con¯nement is an interesting property of non-perturbative QCD. The fun-
damental particles of the theory, gluons and quarks, have never been observed
directly in experiments. This led to the hypothesis that they are con¯ned into

95
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hadrons. There is experimental evidence(basede.g. on the charmonium spec-
trum) that a quark and an antiquark are bound by a potential that riseslinearly
with their separation. The proportionalit y constant is called string tension. A
potential that rises linearly with the distance between the two particles means
that to separatethem an in¯nite amount of energywould be required. Con¯ne-
ment is then a natural consequenceof this binding potential. A challengefor the
theorists is to derivate this potential from the QCD Lagrangian.

In 1974,Kenneth Wilson [34] elaborated a way to regularizethe ¯eld theory
by formulating it on a discretespace-timelattice. This allowed certain analytic
calculations in the limit of strong coupling, namely of the q¹q potential which
turns out to have the described linear characteristics(this is a lattice artifact and
also exhibited by lattice QED). But in order to extract continuum physics,one
has to leave the strong coupling regime.

To investigatethe regionbetweenstrong-couplingand weak-couping(pertur-
bation theory), computer simulations are an interesting option. The computa-
tional sectorof lattice QCD wasborn in 1980whenMichaelCreutz [35] published
his work on SU(2) gaugetheory, a study of the quark-antiquark potential based
on Monte Carlo methods. This paper will be a main referencefor this article.

My contribution is organizedasfollows. First, I will brie°y recall how SU(N )
gaugetheoriesare formulated on a lattice and how the lattice formulation can be
usedfor analytical calculations in the strong coupling regime (the reader inter-
estedin those subjects is referred to the contribution by R. HÄalg in this book).
Then, I will describe Monte Carlo methods in generaland in the particular case
of SU(2) lattice gaugetheory. Next, I will move to the problem of relating the
lattice and the continuum formulations. Finally, I will analyzehow continuum
physicscan be extracted from Monte Carlo simulations of the discretetheory by
looking at the string tension in SU(2) gaugetheory.

2 Gauge Field on the Lattice

Formalism

As shown by Wilson, con¯nement can be studied in the quenched approximation
(i.e. neglectingthe dynamics of the quark ¯elds). The pure glue theory can be
formulated on a four-dimensionalspace-timelattice with lattice spacinga. The
sitesare indicated with a vector of integersn. The gauge¯eld on the lattice takes
the form of SU(N ) matriceslocatedbetweenthe lattice sites. Thosearecalledthe
`link variables', Un¹ 2 SU(N ) where ¹ = 1; 2; 3; 4 ¯xes the direction. We de¯ne
the `plaquettevariable' U(p) asthe orderedproduct of four link variablesaround
an elementary squareof the lattice (called a `plaquette' p ´ (n; ¹; º ) ´ ¤ ):

U(p) := Un¹ Un+ ¹̂;º Uy
n+ º̂ ;¹ Uy

nº : (150)
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The trace of this matrix is gaugeinvariant. This is used to build the Wilson
action

SW = ¯
X

p

[1 ¡
1
N

ReTr U(p)]: (151)

The factor ¯ is determined by the requirement that this expressionreducesto
the Yang-Mills action in the `naive' continuum limit where we just let a ! 0.
One ¯nds

¯ =
2N
g2

0
; (152)

whereg0 is the dimensionlessbare coupling constant.
The vacuum expectation value of an observable £, which in the continuum

takesthe form of a functional integral, is expressedin termsof the groupmeasures
dUn¹ at each link,

h£ i =
1
Z

Z Y

n;¹

dUn¹

| {z }
DU

£[ U] e¡ SW [U]; (153)

with the normalization factor (partition function)

Z =
Z

DUe¡ SW : (154)

Wilson Lo op

The observable associated with the static q¹q potential is known as the Wilson
loop. In lattice formulation, it is the trace of a product of link variables,ordered
around a closedcurve C:

W(C) = Tr
Y

(n;¹ )2C

Un¹ : (155)

Note that if the path passesthrough the link (n; ¹ ) in direction ¡ ¹̂ then (n +
¹̂; ¡ ¹ ) 2 C, henceat this placeUn+ ¹̂; ¡ ¹ = Uy

n;¹ appearsin the product.
It can be shown that for a rectangular loop of extent R T for large times T

hW(C)i » e¡ T V (R) ; (156)

whereV(R) is the energyof a static quark-antiquark pair, separatedby a distance
R. V(R) can thereforebe extracted directly from the Wilson loop,

V(R) = ¡ lim
T !1

1
T

lnhW(C)i : (157)

The idea behind (156) is as follows: Considerthe two-quark state

j®; ¯ ; ~x; ~y; ti = ¹ª (Q)
® (~x; t)U(~x; t; ~y; t)ª (Q)

¯ (~y; t) j0i ; (158)
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where

U(x; y) = Pop expig0

Z y

x
Ak

¹ (z)Tkdz¹ (159)

is a parallel transporter which ensuresgaugeinvariance. We take the limit of
in¯nite quark masses. We therefore expect that for large Euclidean times the
propagation amplitude of this state behavesas

h®0; ¯ 0; ~x0; ~y0; 0j®; ¯ ; ~x; ~y; ¡ iT i » ±(~x ¡ ~x0)±(~y ¡ ~y0)C®0̄ 0®¯ (~x; ~y)e¡ E (R)T ; (160)

whereR = j~x ¡ ~yj and E(R) is the ground state energy(amongall eigenstatesof
the Hamiltonian having a nonzerooverlap with (158), that is). Now onecan use
the path integral form of (160) to derive (156). For the completecalculation see
e.g. [36].

3 Calculations on the Lattice

Strong Coupling Appro ximation

In order to do analytic calculationson the lattice we have to further simplify the
expressionsappearingunder the path integral (153). Onepossibility is to assume
the parameter¯ to be small (accordingto (152) this meanslargeg0) sincein this
casethe exponential of SW can be expanded. Explicitly , the partition function
in this strong coupling approximation is given by

Z =
Z

DU exp
hX

p

¯
N

ReTr U(p)
i

=
Z

DU
h
1 +

¯
N

X

p

ReTr U(p) +

+
1
2

³ ¯
N

´ 2 X

p;p0

(ReTr U(p))(Re Tr U(p0)) + ¢¢¢
i
: (161)

The integration of matrix elements over the whole group obeys certain rules,
namely Z

dU = 1;
Z

dU Uij = 0; (162)

whereasthe integral over products of two matrix elements may not vanish. If
we apply this to (161), we can seethat terms including 1,2,3,4or 5 plaquettes
are integrated to zero becausethe surfacetheseplaquettesrepresent necessarily
has a boundary. At this boundary, one integratesover the trace of a single link
variable. The terms with 6 plaquettesinclude `elementary cubes' and contribute
to the secondnon-vanishing term, so we have Z = 1 + O(¯ 6).

The most prominent exampleof a calculation in strong coupling, the Wilson
loop, was¯rst carriedout by Wilson himself. The integral expressionin expanded
form reads

hW(C)i =
1
Z

Z
DU Tr(U(C))

h
1 +

¯
N

X

p

ReTr U(p) + ¢¢¢
i
: (163)



Dynamical mean-¯eld theory 99

Again, the integration only yields nonzeroresults if any link variable either does
not appear or appears in the form Tr(Un¹ )Tr(Uy

n¹ ). This is only the caseif the
Wilson loop product is entirely eliminated by the plaquettes in the expansion.
The term that performsthis task most economically(i.e. with the smallestpower
of ¯ ) consistsof the plaquettes that make up the minimal surfaceenclosedby
the loop. In caseof a rectangular loop of dimensionR̂ T̂ =: N¤ the expectation
value is therefore, to leading order, proportional to ¯ N¤ . For SU(N ), indeedwe
have

hW(C)i ¼ e(ln ¯
2N )N ¤ =: e¡ K RT ; (164)

where R and T are in physical units. If we extract the potential we seethat
lattice gaugetheory is con¯ning at strong coupling with string tension K . (K is
positive becausē ¿ 2N .)

Mon te Carlo Metho ds

Beyond the strongcouplingregion,analytic calculation is no morepossibleandwe
have to fall back upon numerical methods. However, ordinary Gaussianquadra-
ture is not the proper method becauseof the high dimensionality of integration
spacewhich is typically of order 105.

The integral (153) has the form of an expectation value of a function £[ U]
whoseargument is distributed according to Z ¡ 1e¡ SW [U]. Instead of calculating
this integral we can equally well simulate the corresponding stochastic process.
We have to produce a random set of m adequately distributed variables and
compute the meanvalue

h0jAj0i ¼
1
m

mX

i =1

£[ Ui ]; (165)

where a statistical uncertainty of m¡ 1=2 is to be expected. This is the idea of
Monte Carlo techniques. The e®ectivenessof this approach in caseof lattice ¯eld
theory builds on the fact that the probability densitiesare exponential and thus
strongly damping: Most of the ¯eld con¯gurations have a weight factor that is
practically vanishing. A Monte Carlo algorithm allows to concentrate on the
important con¯gurations, i.e. thosewith actions near the minimum.

Mark ov Chains Monte Carlo algorithms are constructedusing the theory of
Markov chains. Considerany set f Cg which is either discreteor has a measure
d¹ (C). I will denoteboth the summation and the integration over the set withP

C . A Markov processis de¯ned by a transition probability P(C ! C0) for
going from C to C0. It has to be normalized,

X

C0

P(C ! C0) = 1 for all C: (166)
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Let (C1; C2; : : : ; Cm ) be the family of con¯gurations (Markov chain) produced
when starting from an initial point C1. Under certain conditions on P(C ! C0)
it can be shown that in the limit m ! 1 the con¯gurations in this family will
be distributed accordingto a unique probability density Peq(C) which is a ¯xed
point of the transition matrix:

Peq(C) =
X

C0

Peq(C0)P(C0 ! C): (167)

The following caseis important for us: Supposewe want a Markov processto
producea certain distribution which we write in exponential form

Peq(C) = N ¡ 1e¡ S(C) : (168)

(N is the normalization constant
P

C0 e¡ S(C0) .) Then it is su±cient that P satis-
¯es detailed balance,

e¡ S(C)P(C ! C0) = e¡ S(C0)P(C0 ! C): (169)

This caneasilybe shown by inserting (168) into the RHS of (167) and then using
(169) and (166). The remaining arbitrariness on P(C ! C0) can be used to
de¯ne di®erent algorithms.

Metrop olis Algorithm Considerthe following updating procedure:

1. Choosea trial con¯guration C0 randomly from the whole set.

2. If its action is smaller than that of the old con¯guration C, acceptit. If its
action is larger, accept it with probability e¡ S(C0)=e¡ S(C) .

In short,
P(C ! C0) = N ¡ 1 min

¡
1; eS(C)¡ S(C0)

¢
: (170)

This algorithm satis¯es detailed balance. However, in practice it is not possible
to choosea new con¯guration totally randomly, and/or it is not suitable to do
so. The reasonis that large changesin C imply large changesin the action,
so the acceptancerate for con¯gurations with increasedaction gets very small.
Thereforemore iteration are required to reach equilibrium, the algorithm tends
to get locked on a con¯guration with low action.

Instead one performs updates in a single link variable. This processis de-
scribed by a probability P0(C ! C0), which has to be multiplied with (170), for
proposinga new con¯guration C0. But as long as it is reversible,

P0(C ! C0) = P0(C0 ! C); (171)

it conservesthe detailed balancerelation for this so-calledMetropolis algorithm.
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Heat Bath Algorithm The fastest convergenceof an algorithm would of
coursebe realized if the transition probability already equaledthe equilibrium
distribution,

P(C ! C0) = Peq(C0): (172)

Again, in practice this can only be implemented locally by changing one link
variable at a time. One may seethis procedureasbringing the link in contact to
a `heatbath' in analogyto thermodynamics,thereforethe nameof this algorithm.
We denotethe variable we are working on with Cx and the remaining oneswith
·Cx . In this notation, the full transition probability reads

P( ·Cx ; Cx ! ·C0
x ; C0

x ) /

(
Peq( ·Cx ; C0

x ) if ·C0
x = ·Cx ;

0 otherwise.
(173)

It satis¯es detailed balance.
The reasonwhy this algorithm can be used only in a few casesis that the

integral of the equilibrium distribution has to be known,

Peq( ·Cx ; Cx )dCx = dE ·Cx
: (174)

The update con¯guration can then be obtained via C0
x = E ¡ 1

·Cx
(r ) where r is a

random number between0 and 1. On the subsetswhereE ·Cx
is constant (those

necessarilyexist if the variablesCx have dimension> 1), C0
x is to be generated

with uniform distribution in a secondalgorithm.
For a more thorough discussionof thesesubjects see[36] and [31].

SU(2) Heat Bath In caseof SU(2) gaugetheory the relation (174) is known.
This is due to the fact that there exists a simple parameterization

U = a01 + i~a ¢~¾; (175)

where~¾are the Pauli matrices and a¹ satis¯es

a2
0 + ~a2 = 1: (176)

Becausethe Pauli matricesare traceless,the exponential of the Boltzmann factor
(151) is basically an exponential of a0 which is integrableas we will see.

As discussedbefore,wereplacesinglelink variablesU. The probability density
for the new variable U0 is

dP(U0) / dU0exp[¡ ¯ S(U0)] (177)

with the action
S(U) = ¡

1
2

X

¤

Tr(U¤ ): (178)
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Note that the additional summandof 1 has beenomitted: this doesnot change
the expectation value. For the local change, we only need to account for the
contribution to the action that comesfrom the six plaquettescontaining the link
in question. Such plaquettes consist of the variable U and the product of the
three remaining links which are denoted by ~U®, ® = 1; : : : ; 6. Since traces in
SU(2) are always real, the rotation senseof the plaquette does not matter and
we can rewrite (177) as

dP(U) / dU exp
·

1
2

¯ Tr
³

U
6X

®=1

~U®

´ ¸
: (179)

A sum of an SU(2) matrix is proportional to another element of SU(2). We use
this to write the sum of the ~U® as

6X

®=1

~U® = k ¹U; ¹U 2 SU(2); (180)

wherethe proportionalit y constant is given by

k = det
³ 6X

®=1

~U®

´ 1=2
: (181)

Usingthe invarianceof the groupmeasure,wecanthereforefurther simplify (179)
to

dP(U ¹U¡ 1) / dU exp(¯ k=2 Tr U)

=
1

2¼2
±(a2 ¡ 1)d4aexp(̄ ka0); (182)

where also the expressionfor the group measurein the parameterization (175)
was inserted. The matrix U that is produced with this distribution has then
simply to be multiplied by ¹U¡ 1 from the right to get the updated link variable.
The delta function in (182) can be integrated:

dP(U ¹U¡ 1) / ±(~a2 + a2
0 ¡ 1) da0 d­ j~aj2dj~aj exp(̄ ka0)

= ±(~a2 + a2
0 ¡ 1) da0 d­ j~aj2

1
2j~aj

d(~a2) exp(̄ ka0)

= 1=2 da0 d­
q

1 ¡ a2
0 exp(̄ ka0): (183)

The problem is now reducedto constructing a number a0 2 [¡ 1; +1] with weight-
ing

p
1 ¡ a2

0 exp(̄ ka0) and to choosing the direction of ~a on the 2-sphereran-
domly. Both tasks can be solved using standard procedures.

An SU(N ) Heath Bath algorithm exists that exploits the decomposition of
the gaugegroup into (redundant) SU(2) subgroups[37].
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4 Con tin uum Limit

Analyzing againthe outcomeof the calculation at strong coupling (sec.3), we are
led to the conclusionthat it is unphysical. hW(C)i only dependson the sizeof
the Wilson loop in lattice units (i.e. the number of plaquettes),not on the lattice
spacinga. The physical string tension K , with dimension[a¡ 2] in natural units,
must be written as

K = ¡
1
a2

ln
µ

¯
2N

¶
: (184)

That is, if we computethe potential of a quark and antiquark in strong coupling,
the result depends on how ¯ne we divide the distance between them. In fact,
as a ! 0, the potential divergeslike a¡ 2 instead of converging to its physical
value. The subject of this section will be to develop the correct procedure for
approaching the continuum limit using renormalization methods.

Renormalization

Instead of the string tension we will ¯rst considera more basic observable, the
correlation length ». It is determinedby the exponential decay of ¯eld correlation
functions, e.g. plaquette-plaquetteproducts. Its inverseis the mass(in natural
units) of the lightest state above the vacuum.

As an outcomeof the lattice theory, » dependson g0 and a, but sincea is the
only dimensionalvariable, it can be separatedin the following way:

m =
1

»(g0; a)
=

1

a»̂(g0)
: (185)

The left hand sidehasa physical meaningand thereforethe right hand sidemust
approach a ¯nite value for a ! 0. This meansthat the correlation length in
lattice units »̂ has to go to in¯nit y. Consequently, we have to give up the image
of g0 asa coupling`constant' and rather seeit asdependingon the lattice spacing,
g0 ´ g0(a). As a condition, there must exist a so-calledcritical point g¤

0 at which
the lattice correlation length diverges,

»̂(g0) ¡ !
g0 ! g¤

0

1 : (186)

(For SU(N ) lattice gaugetheory g¤
0 = 0.) In this caseit is possibleto choosea

function g0(a), lima! 0 g0(a) = g¤
0, such that

»̂(g0(a)) »
1

m¤a
as a ! 0: (187)

In fact, we de¯ne g0 in such a way that the above relation holds exactly in a
neighborhood of a = 0. That is, we adjust the bare parameterto keepthe » that
was calculated using a cuto® a ¯xed at a certain value. This value, here 1=m¤,
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cannot be determined from theory alone. It is a scalethat is set by the physics
(`dimensionaltransmutation').

The sameline of reasoningappliesto any observable £ with massdimension
d£ , and supposedly this producesdi®erent forms of g0(a). However, since we
expect the ratio £( g0; a)m(g0; a)¡ d£ to approach its physical value,

£
md£

=
£ phys

md£
phys

+ O(m¤2a2) (a ! 0); (188)

(order 1 correctionsvanish, see[38]) this doesnot in°uence the asymptotic be-
havior of g0(a). More precisely: If g0(a) wasfound by studying a massin its limit
behavior, it alsoensuresthe ¯niteness of £ for small a:

£( g0(a); a) =
·

£ phys

md£
phys

+ O(m¤2a2)
¸
md£ (g0(a); a)

=
·

£ phys

md£
phys

+ O(m¤2a2)
¸
md£

phys

= £ phys + O(m¤2a2): (189)

Renormalization Group Equation

Callan-Symanzik Function Now wewill turn to the static q¹qpotential V(R; g0; a)
introducedin sec.2 and useit to ¯nd the aforedescribed functional dependence.
To ensurea ¯nite limit, we require V to be independent of a in a neighborhood
of a = 0, henceit must satisfy the following renormalization group equation

a
d
da

V(R; g0; a) =
·
a

@
@a

¡ ¯ LA T (g0)
@

@g0

¸
V(R; g0; a) != 0 (190)

where

¯ LAT (g0) = ¡ a
@g0

@a
(191)

is the Callan-Symanzikfunction. If we knew an expressionfor V at least when a
and g0 are small, we could solve for ¯ LA T . In fact, this expressioncan be found
in perturbation theory: onecan expandthe continuum Wilson loop in powersof
the coupling constant in presenceof a cuto®a. This calculation yields

V(R; g0; a) =
C

4¼R

·
g2

0 +
11N
24¼2

g4
0 ln

R
a

+ O(g6
0)

¸
; (192)
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whereC is a group theoretical factor. If we insert this into the renormalization
group equation, we ¯nd

¯ LA T (g0) = a
@V
@a

µ
@V
@g0

¶ ¡ 1

= a
¡ 11N

24¼2 g4
0a¡ 1

2g0 + 11N
6¼2 g3

0 ln R
a + O(g4

0)

= ¡
11N
48¼2

g3
0

µ
1 ¡

11N
12¼2

g2
0 ln

R
a

+ O(g4
0)

¶

¼ ¡
11N
48¼2

g3
0: (193)

Now we can integrate (191) to obtain the relation betweeng0 and a:

¡
11N
48¼2

g3
0 = ¡ a

dg0

da
= ¡

dg0

d ln a

=) ln(a¤ LA T ) =
48¼2

11N

µ
¡

1
2

¶
1
g2

0

=) a(g0) =
1

¤ LA T
exp

µ
¡

24¼2

11N g2
0

¶
; (194)

where¤ LA T is a dimensionfull integration constant, the lattice lambda parameter.

Asymptotic Freedom The result (193) hasgreat physical importance. It can
explain the property of asymptoticfreedom, meaningthat quarksbehave like free
particles at a low distance/high momentum scale.

Let us look again at the potential found in perturbation theory (192). If we
take into account g0(a), it is independent of the cuto® to leading order. We use
this to locally de¯ne a physical coupling constant gR: Choosea length scale d
and impose

V(d;g0; a) !=
Cg2

R

4¼d
: (195)

This meansthe relation betweeng0 and gR is given by

g2
R = g2

0 +
11N
24¼2

g4
0 ln

d
a

+ ¢¢¢ (196)

and

g2
0 = g2

R ¡
11N
24¼2

g4
R ln

d
a

+ ¢¢¢: (197)

If we insert the ¯rst of thesetwo equationsback into the potential expressedin
g0 and a, we obtain

V(R) =
C

4¼R

·
g2

R +
11N
24¼2

g4
R ln

R
d

+ O(g6
R)

¸
: (198)
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This form is analogousto (192), but all direct dependenceon a hasdisappeared
into higher orders. So, this can be viewed as the physical version of (192). We
have, though, to keepin mind that it is only valid for R ¼ d and if we want to
changethe length scaled we must rede¯ne gR (running coupling).

The dependenceof gR on d is not unknown. We can give a dimensional
argument that strongly relates it to the dependenceof g0 on a. First, de¯ne a
Callan-Symanzikfunction for the renormalizedcharge:

¯ R(gR) := ¡ d
@
@d

gR(d): (199)

Now we make a simultaneousscaletransformation a ! ¸a , d ! ¸d under which

@
@̧

¯
¯
¯
¸ =1

= a
@
@a

= d
@
@d

: (200)

Thereforewe have

¡ ¯ R(gR) =
@gR

@̧
=

@gR

@g0

@g0

@̧
= ¡

@gR

@g0
¯ LA T (g0): (201)

Inserting expressions(196), (197) and (193), we ¯nd

¯ R(gR) = ¡
@

@ln d
gR(d) = ¡

11N
48¼2

g3
R + O(g5

R): (202)

The renormalizedchargethereforesatis¯es the samedi®erential equation as the
bare charge(with d $ a) to leading (and also,which was not proven here,next
to leading) order. In particular, the coe±cient in front of g3

R is negative which is
opposite to abelian U(1) gaugetheory. This means,oncegR is small enoughso
higher order terms can be neglected,it tends to zerofor (¡ ln d) ! 1 or d ! 0.
This is the prediction of asymptotic freedom,

Con tin uum Extrap olation

Asymptotic Scaling Now we will discusshow the relation (194) makes it
possible to extrapolate continuum physics from computer simulations. When
calculating the value of an observable £ on the lattice, we only determine this
quantit y in lattice units as a function of the bare coupling (we will use again
¯ = 2N g¡ 2

0 ; confusionwith ¯ LA T has to be avoided):

£̂( ¯ ) = ad£ £( ¯ ; a): (203)

Wecanassumethat nearthe continuum £ on the RHS becomesindependent of ¯
and a (e.g. it is ¯xed at its physical value). Therefore,inserting the measurea(¯ )
which we know from (194), we ¯nd that the behavior of £̂, for ¯ large enough,
is given by

£̂( ¯ ) = ¤ ¡ d£
LA T £ physe

¡ d£
12¼2¯
11N 2 : (204)

A number that exhibits such a behavior is said to show asymptotic scaling.
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Scaling A dimensionlessratio of di®erent lattice observables will eventually
stabilize for some¯ . The two observablesare then said to scale. Clearly this is
the caseif they both scaleasymptotically becausethen the exponentials cancel
out. The reverseargument is not true, and typically scalingsetsin much sooner
than asymptotic scaling.

When the ratio is seenasdependingdirectly on a and not on ¯ , scalingmeans
that it approachesa value distinct from zero with corrections(so-calledscaling
violations) typically of order a2. Thesecorrectionscan then be extrapolated to
zero to obtain a better estimate for the continuum value.

Scaling Windo w The value for ¯ from which on scalingor asymptotic scaling
(and thuscontinuum physics)is observed is typical for every observable. This is a
consequenceof the requirement that the lattice spacingmust be small compared
to the typical measureof the object wearestudying, for examplethe inversemass
of a glueball (recall that larger ¯ meanssmaller a). In more intuitiv e terms, we
needa resolution that is ¯ne enoughto seecontinuum physics. This e®ectlies in
the nature of the lattice and cannot be compensatedby improving computational
power.

In practice, there is also an upper bound for ¯ . Sincewe are forced to work
on a ¯nite lattice, increasing¯ will lead to a point wherephysical objects become
comparableto the lattice size. The calculationswill then be dominated by ¯nite
volume e®ects(since we usually chooseperiodic boundary conditions there are
no surface e®ects). This limitation can in principle be met by working with
a greater number of lattice sites. Unfortunately, the e®ectis small because¯
depends logarithmically on a, for example in SU(2), doubling the number of
lattice sites in every direction will only result in a gain of roughly ¯ ! ¯ + 0:3.

The range of ¯ for which both conditions are ful¯lled is called the scaling
window. If it exists at all, continuum physicscan in principle be extracted. The
larger it is, the moreaccuratean extrapolation for a scalingnumber canbe done.

Figure 46: Di®erent lattice sizescovering a physical quantit y with ¯xed volume.
The middle picture illustrates a situation wherecontinuum physicscan be seen
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Figure 47: The lattice string tension as a function of ¯ . In addition to the
renormalization curve, the strong coupling expansionin leading order is plotted

Asymptotic Scaling for the SU(2) String Tension

In the paper of Michael Creutz, the observable of interest is the string tension
K̂ (¯ ) = a2K , the part of the quark-antiquark potential that grows linearly with
the distance. It is extracted from calculations of Wilson loops. Sinceon small
loops perimeter e®ectsbecomeimportant, terms proportional to the area must
be isolated with a polynomial least-squares̄ t. Working with square Wilson
loops of sizeŜ = R̂ = T̂ (and with a ¯xed ¯ ), the valuesfor hW(Ŝ)i are to be
approximated with parametersA, B and C in the following way:

¡ lnhW(Ŝ)i ¼ A + BŜ + CŜ2: (205)

The lattice string tension K̂ can now be identi¯ed with C. According to
Creutz, perimeter terms becomedominant for larger ¯ and accuratedetermina-
tion of C(¯ ) will eventually be impossible.

Now we can apply the arguments about asymptotic scaling (p. 106). We
make the assumptionthat con¯nement is conserved in the continuum limit. The
quantit y thereforehasa physical value at which we can ¯x it when we let a ! 0.
According to (204) with d£ = 2 and N = 2, we expect the dimensionlesslattice
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string tension to behave as

K̂ (¯ ) = a2K = ¤ ¡ 2
LA T K e¡ 6¼2¯

11 : (206)

Indeed, Creutz' computations show that (206) holds for ¯ ¸ 2:1 where a quite
sharptransition from the strongcouplingregimeto the weakcoupling,asymptotic
regime is observed. The dimensionlessfactor ¤ ¡ 2

LA T K is read o® to be approxi-
mately equal to exp(12¼2=11),

¤ LA T ¼
1

200

p
K ; (207)

with an uncertainty factor of two.
This result is of great interest since it demonstratesthe onset asymptotic

freedom for the bare coupling constant using a renormalization scheme based
on con¯nement. This suggeststhat both properties are coveredby SU(2) gauge
theory.

5 Conclusion

We have now shown how Wilson's lattice theory is renormalizedto recover the
space-timecontinuum of the physical world. We then applied these results to
Monte Carlo simulations which allowed us to extract non-perturbative physics
from the lattice. Finally, we saw that computational results attained in this way
agreedwith perturbative results at high energies.

This proves the power of this instrument for investigating and testing the
theory of quantum chromodynamicswhich is sohard to treat analytically because
of its non-abelian nature. An enormousprogresshas indeedbeenmadeover the
past 25yearsand with steadily increasingcomputercapacity, certainly a lot more
problemscan be solved.
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