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Classical Hall effect




Quantum Hall effect (QHE) and
topological quantum computing
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e =1/3quantum Hall state (Laughlin)

abelian anyons

Incompressible fluid
T~1mK

’ B field

- Quasiparticles excitations with anyonic statistics.
They carry a fractional charge g = e/3



* Topological degeneracy (X. G. Wen)
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@ No local measurement can distinguish
the different gound states

Good place to put guantum information ( robust
guantum memory)



« =5/2quantum Hall state

Moore and Read (1991) Non-abelian anyons !

g=-el4

‘ Topological degeneracy if the quasiparticles are
kept sufficiently far apart : no local measurement

can distinguish the different degenerate states

4




 The basic idea is to encode gubits globally. A qubit
here Is a non-local entity, composed by well-separated
guasiparticles, with the two states of the qubit being
two different values for the internal quantum numbers
(g-spin) of this set of quasiparticles. Then the idea is to
manipulate them with a non-local operation.

- exchanging (braiding) anyons Is
a non-local operation



Anyons and braid statistics

e |n 3+1 dimensions : bosons and fermions

Y (Mol laeenl)) =1/ (1,000 00,01, ) fOr bosons
Y (el laenl) == (1,000,000, ) fOr fermions

e |n 2+1 dimensions : anyons

Y (r,r,) ® €% (r,r,)

 Why ? Configuration space in 3 dimensions is simply
connected, this isn’t the case in two dimensions



e Bosons and fermions : 1-dimensional
representation of the permutation group Sy



e Bosons and fermions : 1-dimensional
representation of the permutation group Sy

 Anyons : representation of the braid group

e 7 y
= =

2 space dimensions

1 time
dimension




e Braid group’s generators :

s,s, =5 s for|i- j|3 2
$S..s.=s5..8ss .forlE£i1£n-1

1~ 1+1% 1+1~ 1~ 1+1
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e Bosons and fermions : 1-dimensional
representation of the permutation group Sy

 Anyons : representation of the braid group

time 1 |/ ¢ W

C
1 --/ ==

clockwise 1 counter-clockwise



e 1-dim. Representation of the braid group
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> abelian anyons




 Higher dimensional representations of the braid
group



 Higher dimensional representations of the braid

group
 Degenerate set of g states with anyons at fixed
positions

y =ay,+t.tay,

&; - . . &y

> r(s)= - - unitary

gl L] L] L] gg



If [r(s,),7r(s,)]* O
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Non-abelian anyons

r(sy)




* Very important fact . the matrix does only
depend on the TOPOLOGY of the braid
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 We assign to each anyon a label (a,b,c...) called g-
spin or topological charge . The label of an anyon
cannot be changed by any local physical process

e Fusion rule :

f.o o= Ngf.

C

. Analogy with ordinary spin —+—=1+0
2 2

In an abelian anyon model, any two particles

fuse in a unique way

non-abelian anyons can fuse in different ways.
- The fusion rule accounts for the degeneracy of

the state




* Fibonacci anyons [

 Fusionrule f° f =1 +¢
I

trivial particle which is the same as
having no particle at all, that's why it
IS also called vacuum

e Basis states
(o)) [C)e)e) 1E)r D)

> degeneracy




* Fusion of 3 particles Is an associative
operation, I.e.

(@ b) c=a (b ¢



* Fusion of 3 particles Is an associative
operation, I.e.

(@ b) c=a (b ¢
e Let’s consider 3 particles with fusion rules :

a’b:el+e2+... b’C:ei+e'2+_..

* A basis of the Hilbert space for the three
particles fusing to a particle d is

((ab),.0)q) [((ab),,.C)y) |(@b).0))



e But we could also choose another basis :

‘(a,(b,c)e'l)d> ‘(a;(b1c)e'2)d> ‘(a’(b’c)e},)d>



e But we could also choose another basis :

(@(b,0),)s) (@(b.0),)q) |@0.0),))

 The basis change is parametrized by a
matrix F




« We denote by R, the phase that we get
when we braid clockwise 2 particles a and
b which fuse to a third particle ¢

S
o e.me e




e Other guantum number : topological spin

L effect of a rotation of an anyon by 2

U(2p)=e?S
(R;:b )2 — @ 21S. @208, p20S,

> R, isaphase




Fibonacci Anyons
=12/5 ? (Read and Rezayi)

e Goal:

1) finding which braid corresponds to
which unitary operation

2) construct single-qubit rotations and
CNOT-gate

The set composed by single-qubit rotations and the
CNOT-gate is universal for guantum computation



* Fibonacci model is pretty simple

2 particles : [ and 1

e Fusion rule

[ =1+¢



* Fibonacci model is pretty simple

2 particles : [ and 1

 Fusion rule
[t =1+t

 Dimension of the Hilbert space of n
particles is Fib(n+1)



e 2 Fibonacci anyons

O 5

mm) Hilbert space is 2-dimensional

* 3 Fibonacci anyons

Ce e e s

mm) Hilbert space is 3-dimensional



* We want to encode qubits using Fibonacci
anyons

First idea : use 2 Fibonacci anyons

0) =] (- )u) =|(-,),)



* We want to encode qubits using Fibonacci
anyons

First idea : use 2 Fibonacci anyons

0) =] (- )u) =|(-,),)

j> Not a good idea, since by braiding
we cannot induce a transition from

0)to |3



e Let’s thus use 3 Fibonacci anyons with
basis

‘O>O‘(('1')1")r> ‘1>0‘(("')r")t> ‘N>O‘(("')r")1>



e Let’s thus use 3 Fibonacci anyons with
basis

‘O>O‘(('1')1")r> ‘1>0‘(("')r")r> ‘N>O‘(("')r")1>

0)and|1) are the two states of the qubit

‘ N> IS a non-computational state

Any transitions from the two computational
states in the non-computational state is
called leakage errors




Initialization measurement
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unitary evolution

Sorry:0=1and 1=



* First we have to find the R-matrix and the
F-matrix. For the Fibonacci theory we can
do this by using two consistency equations



(@2.3,85)= [ €@2EDI):) (FE FL;

(((12), 3), 4)s) = \ (l (2.B84)c)a)s) (Faade (Fiea)s (Fizo)s



 From these two equations we can deduce
the pentagon equation :

(12,35 Ds) = | L(2B4):)a)s) (Fia)a (Faa)s

(((12),3)s Ds)= | 1L (2BAc)a)s) (Faae (Frea)s (Fiz)s

|

PENTAGON EQUATION : (F.)s (Fa)i = (Faa)e (Fla)s (Flo)s

e



Hexagon equation

1 2 3 2 3 1
a1 -, a1
FaNg \<,/ N
1 2 3 2 3 o~
p 4 S
V \y

4 4

KN

((12).3)4)= | (2BDe)4)(Frs)i Ry (Fiz)a

b,c

((112)a ’3)4> = ‘ (2’ (311)c)4>R103 (F2413); RTZ



((12).3).)= | (2BD.).)(Fs)s Ry (Fi3s),

‘((lz)a ’3)4> = ‘ (21 (371)0)4>R1C3 (F2413); RfZ

!

Hexagon equation : ng (F2413); sz — (in,l)g be (F1423)g
b



For the Fibonacci anyons we have 2 different matrices

e

Fn%r > F 1 X1 matrix F. °F 2X2matrix
G Co))n) =) ) G C))) = [F].,\« 5 e

b _— 0 — [ \/? — 5-1
mmmm) (F)=d'd® F°F ey =



 When we braid two Fibonacci anyons we
have to distinguish if they fuse to the trivial
particle 1 or to [

— > R °FR R ° R




« /' (5,)° clockwise exchange of the two

« bottom » particles
4P

r(s,)

. r(S,) mm) Basis exchange with F, apply R,
undo basis exchange
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Goal: construct single-qubit rotations

5,,S, and their inverse generate every possible
braid

—r(s,), r(s,) and their inverse generate the
corresponding unitary operations

— Block-diagonal matrices ——— no leakage-errors

he set of braids has a dense image in the
set of special unitary operations for the
Fibonacci theory



 Paull matrices
01 < 0 -i 1 0
110 2700 0 -1

I

V)
w

[

Attention : here .isn’t a braid operator !

1a°>S
[:j>U:ex
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e Goal : single-gubit rotations

/ 1 particle moves
three paticles braid\

2 particles are fix



e Goal : single-gubit rotations

/ 1 particle moves
three paticles braid

Weaving the blue particle around the green
particles in this way is an approximation of

braiding two times the green particles within
an accuracy of about e » 10°°



. Accuracy : €U,V)=|U- V|

|O| is an operator norm, defined to be the square root

of the highest eigenvalue of O"O

 Example : iIX-gate for X=NOT-gate

+0O(0°)



* The technique to find single-qubit rotations
IS brute-force search

/ N

Feasible for L not too big Becomes very rapidly

unfeasible as L increases
since the number of braids
grows exponentially with L

- Solovay-Kitaev algorithm



Algorithm to improve the accruacy of any given
oraid

ngredient : discrete set of operators with the
oroperty that for any desired single-qubit rotation
there exists an element of this set which is within
some distance €, of that rotation

- FInite braids up to some given length



0 i
e Example:iX-gate uy=i o
0

0

_ O O

1) Brute-force search — U, such that d(U,,U)

0)

+0(10°?)

C=UU,* approximates unity within a distance of |



1)

2)

0 i
Example :1X-gate y=i o
0 0

_ O O

Brute-force search —— U, such that d(U,,U)

+0(10°?)

C=UU,* approximates unity within a distance of |

Decompose C, C=ABA1B-1 «—— Brute-force search

d(1,A) <kie, d(1,B,) <kie,



A,, B, approximate A, B within a distance

L. C, approximates C within a distance ;=c 2!



A,, B, approximate A, B within a distance

L. C, approximates C within a distance ;=c 2!

3) U;=A,B,A,1B,tU, approximates U within a
distance ;=c 2

0i 0
i 0 0 +0(10*)
00 1



e This procedure is the first step of the
Solovay-Kitaev algorithm (iterative algorithm).
In the second step, every brute-force search
IS replaced by the above procedure

3/2)" 1
) €, » (Czeo)( ) L » Log* =

e

Finding single-qubit rotations up
- to any desired accuracy Is a

manageable task



 Two-qubit gates (CNOT-gate)

Problems

We take particles from one qubit around particles of
another one leakage-errors

Brute-force search is unfeasible «—— 87 free parameters



 The idea is to reduce this problem to the
« easy » three particles braid problem

 Example :

mmmmm) This is a controlled operation



* We have constructed a control- ,2 gate

The set composed by this two-qubit
) gate and the single-qubit rotations is
universal for quantum computation

However it is clearly desirable to be able

‘ to directly compile a CNOT-gate into a
braid. This Is the aim of the following

slides



Until now the initial and final position of the particles
was the same. We will now introduce a procedure
called injection where this isn’t the case anymore

+ 0(10'3)



« CNOT-gate

mmm) CNOT-GATE

We can replace the iX-gate by another
‘ gate U and thus constrcut a control-U
gate.



Summary

/ Abelian anyons =1/3
\ Non-abelian anyons =5/2

Quantum Hall states

Topological quantum computation < Topological degeneracy
Initialization measurement

v

Unitary evolution = braiding — Fibonacci ( = 12/5 3 is universal







Thank you !



